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A version of the Gaussian self-consisté@SC method, which avoids the use of the Edwards’ virial
expansion, is presented. Instead, the mean energy is evaluated directly via a convolution of the
attractive-part of the pair-wise nonbonded potential with the Gaussian trial radial distribution
function. The hard-sphere repulsion is taken into account via a suitably generalized Carnahan—
Starling term. Comparison of the mean-squared inter-monomer distances and radius of gyration, as
well as of the mean energy, between the results from the GSC calculations and MontéM&arlo
simulation in continuous space are made across the coil-to-globule transition for isolated ring, open
and star homopolymers of varied lengths and flexibility. Importantly, both techniques utilize the
same polymer model so that the data points could be directly superimposed. A surprisingly good
overall agreement is found between these GSC and MC results. Caveats of the Gaussian technique
and ways for going beyond it are also discussed.2@2 American Institute of Physics.
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I. INTRODUCTION on the same model for given values of thermodynamic
parameters throughout the range of the coil-to-globule tran-
The Gaussian self-consistei@SCO method represents a sition.
quite general, albeit relatively simple, theoretical framework  Historically, perhaps the first of the equilibrium versions
for studying the equilibrium, dynamics and kinetics of con- Of the Gaussian method in application to a single homopoly-
formational changes in polymer solutions. One of its mostmer chain were independently proposed by Edwastds."
attractive features is that it can be applied to virtually anyand des CloizeauX The approach of the work by Edwards

type of heteropolyme¥;2 with any specific interaction terms relied on _the following idea. One would like to approximate
involving, e.g., chain stiffneés or charge$. The connectiv- the coordinates of the real homopolymer chaip, governed

ity of the chain can be arbitrary: an open polyrierring? a by the Gibbs distribution with the exact Hamiltonibvia a

. . m . “trial” Gaussian chain with the monomer positiong®)
9 0 ’
s':]ar.,nl?r a d?n_dnmei‘, whetherr]]éthhe limitof & T'n?:e governed by a simpler trial Hamiltoniad(®). By assuming
chain'™ or at finite concentration: Moreover, not only the 2 "the quantitiesA X, =%; - X© and AH=H—H®© are

radius of gyration of the polymer or the total density can begma) and hence by applying the Taylor expansion to the
computed, but much finer details of the conformational strucaqyilibrium Gibbs averages, in the first order, one requires
ture, such as the mean-squared distances between monomgygt the mean-squared radius of gyration obeys

or radial distributions at a given time, are available. Such a

versatility naturally comes at the cost of certain limitations  (R3)o=(Ry"*)o,

and inaccuracies intrinsic to the technique. However, these

are well known and manageable, although often largely over-  OF equivalently (R{V2H(@)o—(R{¥%)o(H@)o=0. (1)

stated in the popular view. Some of these, such as the Gausghch a theory predicts the correct mean-field swelling expo-

ian shape of the radial distribution functioRDF), are quite nentv.=3/5 for the repulsive coil, only missing the subtle

unavoidablg'at the level of the GSC th’eo'r'y, but othe.rs, Sucpenormalization group correction. It also gives appropriately
as the traditional use of the Edwards’ virial expansidt, v,=1/2 for the ideal coil, andr, = 1/3 for the globule. More-

can indeed be surpassed as we shall demonstrate in the Cyer, this approach can be further extended to kinetics by
rent work. This would permit us for the first time to compare considering time dependent analogues of @gy1&178
observables between the predictions of the GSC technique A seemingly more refined theory proposed by des
and Monte CarldMC) simulation in continuous space based Cloizeaux® usesN—1 (whereN is the degree of polymer-
ization) variational variablesx{”), which are the normal

dAuthor to whom correspondence should be addressed. mOde_S of t_he monomer positions for a ring Cthiq)_. This _
Web: http://darkstar.ucd.ie; electronic mail: edward.timoshenko@ucd.ie technique is based on the standard Gibbs—Bogoliubov varia-
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tional principle with a quadratic diagonal trial Hamiltonian tweak of the model. Finally, the effective three-body and

H(©). The equilibrium corresponds to the minimum of the higher order virial terms make the current theory numerically

trial free energy,Ayia=A®+(H—H©®),, where A® is inefficient due to a scaling law involving a high powerhh

the free energy associated with®). Expressed in the Ed- for the time expense per step, despite the fact that the origi-
wards’ form the extremum conditions for the trial free energynal model only contains two-body interactions.

are precisely the following\—1 equations Therefore, in the current work we shall rid ourselves of
relying on the virial representation of the Hamiltonian en-
<x§>0:<x80>2>0, tirely. Indeed, the exact molecular two-body potential can be

averaged over the Gaussian RDF directly. However, the

. equivalently(Xgo)zH(O))o—(Xg°)2>O<H(°))0:O. ) Qaussian function does npt vanish at the origin, yielding g
divergence from the repulsive part of the Lennard-Jones pair-

wise potential. One simple alternative is to use the latter
gotential with a hard core part, as in Ref. 24, in which case
pne has to cutoff the integration at the hard-sphere diameter,

or more generally, within the excluded volume area.

To include the effect of the hard-sphere repulsion one
son, some suspicion arose concerning the validity of th&an in principle use any of the stan_da_rd reference techniques
developed for the hard sphere liquids, e.g., the Percus—

theory by des Cloizeaux, hampering further efforts in this’ =" .
direction. It should be emphasised, however, that for finiteYeV'Ck expression for RDF, or the Carnahan—Stari@3)

5,26 .
values ofN the resulting theory does give quite reasonable]cree energy formuld”“°We prefer to use the latter due to its

numerical results fairly close to-=3/5. In fact, the numeri- practical simplicity and accuracy when compared to molecu-

cally fitted value of the swelling exponent tends to be somelar §|mulat|oqs. The Carnahan—Starllng equation, Whlc.h was
riginally derived for a single component hard-sphere liquid,

where in between the two above theoretical predictions. In % b turall tended to mixt iti i lar i
way, this is not an unusual situation, even for the more elapo s Deen naturally extended to mixtures. 1t1S quite popuiarin

rate integral equations theories of molecular fluids used irlihe liquid matter literature at presefsee, e.g., Ref. 37lts

attempts to deduce the Flory expon&H® More impor- extension to polymeric fluids is somewhat less obvious
tantly, this well known deficiency of the theory by des though. Here we propose to express the partial packing co-

Cloizeaux becomes irrelevant when considering the thetaZMMcient for each of the monomers via an integral of the

point or the poor solvent conditions. Gaqssian trial RDE over the excluded volume area. The re-
Therefore, activity on further extending and improving sulting GSC equ:?ltlons involve well tractablg, albel_t some-

the GSC theory has persisted, notably in Milan by AllegraWhat more complicated than before, expressions, since t_hey

and Ganazzoliet al,2351921-23jn Saclay by Orland and now depend on the exact shapes of the .molecular potgnt!als.
Although we shall present the resulting technique in its

Garelet al.®'"8as well as in our Group in Dublih® 781112 PIES _
and some collaborations between these have emérgad. most general form, which is applicable to any type of poly-
rlneric system, our numerical analysis in this work will be

thermore, extensions of the GSC theory to kinetics, as wel ) ) .
as to essentially any polymeric system, have been aISE)estrlcted by homopolymers of three different architectures—
' open and star—across the coil-to-globule transition.

achieved. For the former end, one proceeds from the Lang ing. )
vin equation and approximates the exact stochastic ensemb @'S is done to enable us to mak_e a comparison of th? resglts
via a linear trial one. We refer the reader to our papers i rom the_ present G.SC theory with the MC data obtained in
Refs. 1, 9, and 11, for the ultimate formulation of the GScOur previous paper in Ref. 24.

theory in terms of the real space variables. Such a version of

the GSC method avoids the limitations of the earlier normal

modes formulations since it can distinguish the frustratedl. MODEL

states of heteropolymers with spontaneously broken kine-
matic symmetries associated with the connectivity structure.

Unfortunately, this theory, although more accurate for poly
mers around the theta-point and indeed for the globule, i
known to have a deficiency in that it predicts the exponen
v=2/3 instead of the mean-field value of=3/5 for the
swollen coil in the thermodynamic limii—occ. For this rea-

The current coarse-grained polymer model is based on

Despite the relative success of the most recent form o€ following Hamiltonian (energy functiona 2242 in
the GSC method, the theoretical situation is not as yet fulb}erms of the monomer coordinates;:
satisfactory and further efforts along these lines are required. H 1 5
First, one would like to be able to use the actual molecular kB_T= W.ZJ Kij (Xi = X))
interaction parameters rather than the coefficients in the Ed-
wards’ virial expansion, which are somewhat obscure in their 1 )
meaning. Second, the convergence of such a virial expansion + ﬁi;k Nij(Xi+ X = 2X)
in the dense liquid globular state is rather problematic, being
at best that of an asymptotic series. Third, despite the con- 1 " cou
ventional view, the three-body term is unable by itself to + Eij’Eiﬂ (Ui(jj)(|xi_xi|)+U§j '(IXi=X])-
fully withstand a catastrophic pair-wise collapse of mono-
mers onto each other in the attractive regime for heteropoly- &)

mers. In Refs. 1 and 11 aad hoc self-interaction energy Here the first term represents the connectivity structure of the
term has been added to tackle this problem, but it is merely polymer with harmonic springs of a given strengtfj, in-
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troduced between any pair of connected monomahsch is H(bond 9 (bond )

denoted byi~j). The second term represents the bending kB—TZEiEj Ui (X = X)) (4)
energy penalty given by the square of the local curvature

with a characteristic stiffness;;, between any three con-

secutively connected monomefwhich is denoted by~j  Finally, the third and fourth terms represent pair-wise non-
~K) in the form of the Kratky—Harris—Hearst. Below we bonded interactions between monomers such as the van der
shall prefer to rewrite the first two terms in the following Waals and Coulomb forces. We can adopt the Lennard-Jones
equivalent form: form of the former potential

oo, r<r@+ r}o)

Ij _ 0 0)\ 12 0 0
ui(r)= U(O)( ri®+r{® ri®+r(®
i]

®

6
), r>r{@+r{®

r r

where there is also a hard core part with the monomer radiivhich means that the trial ensemble well approximates the

ri®, and whereU) are the dimensionless strengths of theexact one as far as monomer correlations are concerned. This

interactions. The Coulomb interaction potential similarly is procedure yields expressions for the effective potentials via
the instantaneous mean energy

lg
Ui(jcou)(r):qiqueXF(—r/|D), V”(t):_zag{p(t)] 10
(6) g 3 19'Dij(t) '
2
lg= &’ and hence the mean-squared distances themselves satisfy the
AmeokgT self-consistent equatiorisThese, in the absence of the hy-
wherel is the Debye screening lengthg is the dielectric drodynamic interaction, are simply
permittivity of vacuum,Q;=Q.q; are the charges, ard is {, d 2
the Bjerrum length. > qi Li=- 52 (Dik(t) = Dy(1))
JA[D(t)] JA[D(Y)] 11
ll. METHOD dDy(t)  ID(1)
A. Equations of the GSC method Here ¢, is the friction coefficient of a monomer, and the

instantaneous free energy has the same functional expression
via the instantaneou®;;(t) as it has at equilibrium. Exten-
sion to the preaveraged hydrodynamic approximation is quite

Dij(t)E%((Xi(t)—xj(t))2>. @) straightforwqrd also gnq it is discussed in Ref. 1.

The stationary limit of these equations produces the
Note that our convention includes the factor of 1/3 here andgquations for the minimum of the free energy, which are the
hence in the later definition of the mean-squared radius o$ame as those derived from the Gibbs—Bogoliubov varia-
gyration according to the tradition. This allows us to rid of tional principle with a generic quadratic trial Hamiltonian.
such factors from the radial distribution functidRDF) and  Although in this paper we shall only be concerned with the
numerous averages over it. equilibrium properties, the numerical solution of EQG1),

The GSC method is based on replacing the stochasti@pplied until the stationary limit is reached, presents by far
ensemble foiX; with the exact Hamiltonian in the Langevin the most efficient technique for finding the global free energy
equation of motion onto the trial ensemb%®(t) with a  minimum. This, based on the fifth order adaptive step
trial Hamiltonian HO)(t). The latter is taken as a generic Runge—Kutta integratdrwas used for obtaining the results
quadratic form with the matrix coefficients, which are calledfrom the GSC technigue in this work.
the time-dependent effective potentials It should be also noted that the systems studied here

possess a large number of kinematic symmetrie®fpr and
1 hence forV;; , matrices coming from their symmetricity and
HPIX()]= EiEj Vi (OXi(OX;(0). ®  from the eqjuivalence of any monomer in a ring, or any arm
in a star homopolymers. Thus, the computational expenses
Then one requires that the inter-monomer correlations satisfger step in our calculations are of order~NF, where

The main objects in the GSC method are the mean
squared distances between monomers

the condition N/2<F=<N?/2 is the total number of independent elements
- - in the matrixD;; . These symmetries significantly reduce the
(Xi(OX(1))o= (X~ (DX ())o, (9 computational times compared to MC for an equivalent sys-
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tem, where such symmetries only appear in the observables To extend these ideas to polymeric fluids, we would
after averaging over the statistical ensemble. For compariave to distinguish the packing coefficients for individual
son, the computational expenses per step in MC are of ordenonomers. In Eq(12) we can writeN=3,;; the volume of
t.~NAtS, whereAt~N? is the number of MC steps needed the spherey, is equal to the 1/8th of its excluded volume;
to ensure a good statistical independence between measued the inverse volume is equal to the RDF of the ideal
ments, and wher& is the number of measurements neededreference system, \t/~g{2),. Thus, we can similarly ex-
for sampling of observables. Typical valuesSsghould be of  press the packing coefficient for tiith monomer as a sum
order of 1¢—10° for a good accuracy in the present c&e. over all other monomers of the 1/8th of the integral over the
Moreover, kinetic iteration of the GSC equations towards theexcluded volume of the monomer of the RDF for the
equilibrium is also significantly faster than the equivalentGaussian reference system

equilibration procedure in the MC. For example, for a ring

polymer of N=150 units in the good solvent®=1, the (2)/on _ 1 _ i)
GSC method turns out to be1000 times fasté? than MC g (N = (2772)”-)526)([{ 2D;)" 3
for gaining the same data, whereas for an open chain of the ]
same length, which possesses much fewer kinematic symmgt€lding finally
tries, GSC is=200 times faster than MC.
N =S EJ drg(r) (14)
VAR 7 8 Jirj<r{@4( gij -

B. Hard-sphere contribution j

Carnahan and Starling have devised a simple but rathabne may note that the Gaussian distribution does not possess
accurate equation of state for hard sphere liliifs terms  a well defined volume beyond which it vanishes. Thus, to
of the packing coefficient, yielding the following free en-  account for this we can, in principle, include a multiplicative

ergy: parametera, which should be once and for all chosen to

A(CS 2(4—37) match the data best, but this should, in any case, be fairly
=FCY(p)=— -~ close to the unity. Therefore, the total hard-sphere contribu-

k (7’) 2

sTN (1=7) tion will be

v (12

7=N2 (hs)
v kT =NF<CS>(77)_>Z FC (). (15)

wherevy andV are the volumes of the hard sphere and of the
whole system, respectively. This is obtained from an interpo- _
lation formula for the virial coefficients based on several ofC' Free energy in the GSC method

them known exactly(see more detailed discussions in, e.g.,  The total mean energy includes both the bonded and the
Ref. 25. pair-wise nonbonded interactions via
g(int) 1
I (bond .1 . (2) (17) (cou
KeT 2i2j (3Uij D'J+fr>ri<°>+r}°’dr gi; (NLY; (N + U7 (r)] (16)
|
Note that here we integrate only beyond the excluded vol-  glcou 500

ume as the hard-sphere contribution will be included explic- 5= 2 [, ECOy (r{?+ri?)/Ip], (20
itly via the Carnahan-Starling term. B b !
Given that the conformational Gaussian entropy has

U
been calculated by us in Appendix B of Ref. 1, the total free S = ZIndetRIN-1 (21)
energy can be summarized as follows: Kg 2
A=E-TS, E=&M+ A9, (hy
'A_:Z FCI( )
(17) k T = 77I '
gint):g(boncb_’_g(lj)_f_g(cou)’ SES(gau)’ B i
(22)
where its various terms are given by F(CS ()= 77i(4—37;i)
(c;(bono) I (1_ 77I) ,
=3, ulPep, | 18 , ,
kgT g‘, g Y (18 and the arguments of these functions are defined as
gl -
o2 UPE Dyl (19 m=a2, Fly,] (23
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\/D_ij
Yij :ri(OTrJ(O)! (24)
1 , 1 (25
D,EN; Dy, Rg—WiEj Dy

<
< | B

) (y—y3+3y>+300y"—210y°) -
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Finally, the functions ofy;; are

o 27

945,%

E(cou K==
Ly.K] y3

x2>exp(—kx) [{ 1
y X

F(”)[Y]— )3
1 1
erf V2lmexp — =
Y (y\/i) i p< 2y° "
fc< ! (1+315/%)
erfcf —
yv2
, (27)
)( \F 2k F{(l+ky2)2) 1+ky2)
5—k —— —ex 5 erfc| .
2y y Vo 2y yvV2
(28)

Here we have used the standard definitions for the error funcFable Il we present the data for the mean-squared radius of

tions

erf(z

_2 [ 2
=\/;J0dxexq X9)

(29)
erfdz)=1—erf(z).

Note also that for a large, numerically, one has to use the
truncated asymptotic expansion in calculati§° to avoid
divergences

1 1 N 3
2\ 27°  47%

15 N
87°

erfo(z)exp(z%) ~
(30)

IV. RESULTS

Here we shall restrict ourselves by the case of ho-

mopolymers, so that in Eq3) all nonzero bonded interac-
tion constants are equat;; = «, \jjx=A\, as well as all non-
bonded interaction parameters are identical in &g. U(O)

=U©, r(®=d/2. We also choose the hard-sphere diamete

d equal to the lengt defined in Eq.(3), as in Ref. 24.
Moreover, henceforth we shall use the mean ene&f@y

gyration 37%5 One can see that the results from the GSC
theory simply coincide with those from MC as—0. Yet,

the agreement in the energy is somewhat better for the theory
with a=0.9 than for that with the naive choi@=1.0, and

that is how exactly the particular valae=0.9 has been cho-
sen by us. A typical relative error in the energy is less than
1.5 percent foa=0.9 and is under 4 percent fae=1.0. The
agreement for the mean-squared radius of gyration is some-
what less impressive—the relative error steadily increases
with «, being better fom=0.9, but never exceeding a few
dozen percent.

One can comment on the reason why a valsel pro-
duces a somewhat better agreement with MC. To facilitate
this discussion, RDFs from the GSC and MC techniques are
exhibited in Fig. 1. In Ref. 24 we have discussed the role of
the “correlation hole” at small separations beyond the ex-
cluded volume area, which is also evident fee 15 in the
main part of Fig. 1. As this feature is absent in the Gaussian
theory[see Eq(13)], the resulting packing coefficient values
in Eq. (23) are overestimated. Thus, reducing the paraneeter

ermits us to effectively lower the packing coefficient and
his can be done only once because the correlation hole effect
is expressed in terms of the function of the dimensionless
variables

expressed in units dkgT and the mean- squared distances

D;; and the mean-squared radius of gyratldfag3expressed
in units of €2,
First,

good athermal solvent)(©=0. In Table | we compare val-
ues of the mean energ§y™ between MC and GSC with two
choices of the multiplicative parametarin Eq. (23) for the
packing coefficient, namelg=0.9 anda=1.0. Likewise, in

to understand the influence of the adopted
Carnahan-Starling term, we shall look at the case of a ring
homopolymer with varied values of the spring constant in the

§2(1)=D3gP(r),

r
=m

(31)

Next, we would like to analyze the dependence on the
degree of polymerization, in the good solventy(®=0,

(the second block in Tables | and.IThe mean energy in this
case comes entirely from the bonded interactions and hence
the relative energy deviation of GSC from MC does not in-
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TABLE I. Comparison of the mean energy valu®&? (in kgT units) for different homopolymers from the MC
simulation(second columnbased on the data set of Ref. 24 and from the GSC theory with the paraaneter
=0.9 (third column anda=1.0 (fourth column. The fifth and sixth columns contain the relative deviation

5= (&M (GSC)/E(MC) — 1) X 100% for these two cases given as a percentage. The model parameters, which
are suppressed within the tables, such as, k,dJ(?, are equal to zero.

System MC GSCa=0.9 GSC,a=1.0 Sacog: % Sacror %
Ring, N=100

k=0.01 148.6 148.58 148.59 0 0
k=0.1 151.21 151.22 151.51 0 0.2
k=0.2 155.24 155.52 156.22 0.2 0.6
k=0.5 168.3 170.03 172.0 1.0 2.2
k=2.0 2324 232.1 239.0 -0.1 2.8
Ring, k=1

N=50 94.76 96.08 97.99 1.4 3.4
N=100 190.4 193.1 196.9 14 3.4
N=200 381.5 386.9 394.4 1.4 34
N=300 572.6 580.6 591.9 1.4 3.4
Open,k=1

N=150 284.2 287.1 292.7 1.0 3.0
N=200 378.7 383.9 391.3 1.4 3.3
Semiflexible ring

A=1 k=1

N=50 106.6 104.9 107.3 -1.6 0.7
N=100 213.3 210.2 215.1 —-14 0.8
N=200 426.8 420.9 430.7 -14 0.9
N=300 640.2 631.6 646.2 -1.3 0.9
Semiflexible ring

A=5k=1

N=50 110.1 110.5 113.2 0.4 2.8
N=100 218.6 220.5 225.7 0.9 3.2
N=200 436.2 440.9 451.4 1.1 3.5
N=300 653.9 661.4 677.0 11 3.5
Star,N/f=50, k=1

f=3 286.5 295.1 301.2 3.0 5.1
f=6 575.1 596.5 608.8 37 5.9
f=9 864.8 902.1 920.8 4.3 6.5
f=12 1156. 1211. 1236. 4.7 6.9
Globule of a ring

u@=6, k=1

N=100 —426.7 —287.2 —211.9 —32.7 —50.3
N=200 —1000. —722.6 —540.3 —=27.7 —46.0

crease withN. This means simply that the values Df;,;  Thus, the increase in the deviation 01723 in the GSC
match with those from MC quite well. As for the radius of method from MC indeed comes entirely from the overesti-
gyration, the disagreement increases slowly with.e., the  mation of the swelling exponent. This is believed to reach
mean-squared distanc®; . are increasingly more overes- the valuev=2/3=0.66 . . . asymptotically. However, in the
timated by GSC as compared to MC for larigeBased on present range ofl both GSC and MC give higher apparent
these results, we can determine the swelling exponent of thexponent values than the most accurate renormalization
ring coil by fitting 3R via Eq., group result up-to-dat&, »=0.5882+0.0011. The GSC re-
sults forv are only slightly sensitive on the value afbeing

3R§: b=N=", (32) in a relatively small overestimation over the MC results. This
using our data in the range=50-500. The resulting pre- IS related to the Gaussian shap_egi‘ﬁ) in the GSC theory,
factor b2 and the exponent in all three cases are whereas a stretched exponential tail, expf’) (see the
ranger =40 in Fig. 1, contributes most toRé in MC. We
0.223+0.005 MC may note also that the GSC estimate fois fairly close to

b2=4 0.180+0.003 GSC,a=0.9, (33) the result»=0.635 from the integral equations approach

based on a complicated closure of the Born—Green—Yvon

0.184+0.003 GSC,a=1.0 hierarchy in Ref. 20.

0.610*+0.006 MC When _ considering open flexible homopolymers (

=1\ =0) in the good solvently(?)=0), the general behav-

v=4 0.648£0.002 GSC,a=0.9, (34 ior of &M and 3R? in the third block of Tables I and Il is
0.651+0.001 GSC,a=1.0. very similar to that of a ring: a good and almost
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TABLE II. Comparison of the mean-squared radius of gyration valuﬁé @n €2 unity for different ho-
mopolymers from the MC simulatiofsecond columnbased on the data set of Ref. 24 and from the GSC
theory with the parametes=0.9 (third column and a=1.0 (fourth column. The fifth and sixth columns
contain the relative deviatioA= (RS(GSC)/RS(MC) —1)x100% for these two cases given as a percentage.

System MC GSCa=0.9 GSC,a=1.0 Sacogr % Sacr0r %
Ring, N=100

k=0.01 2497. 2503.6 2504.6 0.3 0.3
k=0.1 273.57 275.18 277.8 0.6 15
k=0.2 153.56 157.61 160.81 2.6 4.7
k=0.5 82.68 91.04 94.69 10.1 145
k=2.0 45.98 60.70 64.84 32.0 41.0
Ring, k=1

N=50 26.66 28.90 30.32 8.4 13.7
N=100 61.45 70.30 74.16 14.4 20.7
N=200 141.4 172.3 182.7 21.8 29.2
N=300 232.4 292.0 310.3 25.6 335
Open,k=1

N=150 185.7 221.4 234.3 19.2 26.2
N=200 253.5 321.6 341.0 26.9 345
Semiflexible ring

A=1, k=1

N=50 37.91 38.18 40.71 0.7 7.4
N=100 86.07 92.97 99.44 8.0 155
N=200 193.6 222.9 239.0 15.1 235
N=300 305.1 3715 398.8 21.8 30.7
Semiflexible ring

A=5k=1

N=50 78.05 60.60 65.58 —22.3 —16.0
N=100 210.8 161.0 175.8 —23.6 —16.6
N=200 499.8 382.5 419.0 -235 -16.2
N=300 861.3 622.0 681.5 —27.8 —20.8
Star,N/f=50, k=1

f=3 146.2 176.4 186.6 20.6 27.6
f=6 185.2 239.0 253.1 29.0 36.7
f=9 208.7 278.0 294.5 33.2 41.1
f=12 228.7 308.1 326.5 34.7 42.8
Globule of a ring

U@=6, k=1

N=100 6.126 6.431 7.384 5.0 20.5
N=200 9.368 9.872 11.31 5.4 20.7

N-independent agreement 6" and a slow increase with squared distanceBy, versus the chain indekin Figs. 3 and

N in the relative error for Rs In Fig. 2 we plot the mean- 4 match near|y perfect]y up th~ 10 as well, diverging for
squared distances from the end monorig versus the |arger k. The MC curve is lower(highe) than the GSC
chain inqtiuxtﬁ UI\;)CK(; kt~_10v th? agr(:entwen:] of bott? t(;‘SGCS(gurves forn=1 (A =5) in accord with the tables data. Thus,
curves with the ata is nearly perfect, whereas bo verall. the incr £82 with the chain stifin i
curves increasingly overestimate the MC data for ladger moer: r:a;;idein ?\A%a?ﬁag iffgthe tGStCetrTegry. IS;dezj,&cosnfor-

This is consistent With the overestima.tionl OR? by the mations of a stiff chain in MC become those of a rigid ring
GSC method, dominated by lardecontributions. Notably, (or rod for an open chajnwith increasingh. However, the

the effect of changing the parameters rather weak on this Carnahan-Starling equation was deduced in the assumption

scale. ) . . o
Further, let us investigate the effect of increasing theofatotal three-dimension&BD) isotropy, when its influence

chain stiffness\ from a value corresponding to a fairly flex- WOl_JId F’e weaker than in an effective one-dimensicidl)

ible ring A\=1 (see Fig. 3 and the fourth block in Tables | projection. ) . .
and 1) to that of a semistiff ring\=5 (see Fig. 4 and the Next, let us bring our attenﬂo_n to thg effect of changing
fifth block in Tables | and Il. The fairly flexible case gives the topology of the chain. Thus, in the sixth block of Tables
the energies in a very good agreement with the MC datd, and Il we present™ and 3Rg for the flexible (=0)
albeit the theory witha=0.9 is somewhat less accurate ac-Stars with the arm lengtiN/f=50 in the good solvent
cidentally. However, the agreement ofR3 in the GSC (U=0). The relative errors ig™ and 3R] increase with
theory with MC is even better here than for the correspondthe number of arms steadily, again the energy values being
ing flexible coil. The semiflexible case also gives the enerimore close between MC and GSC. The mean-squared dis-
gies in a good agreement with the MC data, Wh'ﬂééiiends tancesD, from the core monomer for the largest star with
to be underestimated by the GSC method. Plots of the meari=12 arms are plotted in Fig. 5. Clearly, the agreement be-
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| | _GSC, a =09
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0.006 |- | Globule of a Ring -
0005 + [ & =200, U = 61
0.004 | ’ - Dy, 100
0.003 F T\~ 47
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6e-06 -

4e-06 -

2e-06 | Flexible Ring ]
_ N =300, 00 =0

Semi-flexible Ring
A=1 N=300,U0 =0
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kE—

FIG. 1. Plots of the half-ring radial distribution functiog§?,(r) (in €2 i N ] )
units from MC (solid thick lines and the GSC theory wita=0.9 (thin /G 3. The mean-squared distand@g, (in £ units) of a fairly flexible,
dashed linesvs the radial separation (in ¢ units for the flexible ring ~ =1, ring homopolymer wittN =300 andx=1 in the good solvent)(®)
homopolymers with, =0 andx = 1. The main part of the figure corresponds =0 VS the chain indek.

to the good solventt) (P=0 and the polymer sizid =300, whereas the inset

corresponds to the poor solveddt®=6 and the polymer sizil=200. o ]
to a nearly correct limit of the globule size f&r =20 (see

Ref. 24, whereas the theory with=1.0 is less accurate.

tween GSC and MC is the worst of all previously consideredThe data for & in the last block of Table Il thus show a
cases here. Even the valuesZf, do not match for smak much better agreement than before, but the energy values in
because the core monomer is strongly affected by the verjable I have a significantly larger discrepancy between GSC
pronounced correlation hole effect in m_However, ’D” and MC. The GSC theory nOticeably underestimates the
between monomers within same arms and away from th&egative Lennard-Jones energy contribution between all
core are naturally closer between GSC and MC, just as fopairs of monomers. This, however, is to be expected given
the open chain in Fig. 2. Clearly, the divergence of the GSdhat the shape of RDF from MChas a very tall first liquid-
and MC curves does not increase whtlafterk~ 10 and the like peak(see the inset of Flg)l Since the Lennard-Jones
curves have rather similar overall shapes. interaction is rather short-ranged, the first peak gives a pre-
It is interesting to analyze the structure of the collapseddominant negative contribution to the mean energy in Eq.

globule now. Thus, in Fig. 6 the mean-squared distadizgs (16). As the GSC theory has merely an effective smooth
are plotted versuk for a flexible ring homopolymer in the ‘“interpolating” Gaussoid ing{{” in that area(see the inset of
globular statel(®=6. Overall shapes of the GSC and MC Fig. 1), the resulting negative energy contribution is signifi-
curves are quite similar, reflecting the compactness of théantly smaller in such a theory.
globule. The discrepancy between GSC and MC at skiall We can also remark that the scaling for the swelling
present systematically. GSC generally overestimates the vagxponent in the globule is correct in the GSC theory. Indeed,
ues of allDy,, but the theory witla=0.9 manages to come the maximal compression is reached whes 1, therefore,

by consideringy;; —« in Egs.(23), (24), and(26) we indeed

obtain,Dij~(ri(°5+r]-(°))2N2’3.

1000 T T
1000 T
Do [
100 |
Dy 190 F E
10 | ~ E
10 F
Flexible Open Polymer
N =200, 00 =0 TE R 3
Semi—flexible Ring
e 10 100 A=15 N =300, v =g
k - 0.1 I L
1 10 100
FIG. 2. The mean-squared distand@g, (in €2 units) of an open flexible e

homopolymer withN=200,A=0, andx=1 in the good solvent)(®=0,

vs the chain index. Here and below the solid thick lines correspond to the FIG. 4. The mean-squared distand@g, (in €2 units) of a semiflexible
MC data, the solid thin lines to the GSC theory witk: 1.0, and the dashed =5, ring homopolymer witiN=300 andx=1 in the good solventy(®
lines to the GSC theory wita=0.9. =0 vs the chain index.
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100 Flexible Ring |
or N =150
2
Dok 3Ry
10 |
Flexible Star, f = 12 10
N/f =50, U0 =0 }
o 5 10 15 20 =25 30 35 40 45 50 0 1 2 3 4 5 6 7 8
k — U0y —.

FIG. 5. The mean-squared distand@g (in £2 units) from the core mono-  FIG. 7. The mean-squared radius of gyratidﬁé’s(in €2 unitg) of a flexible,

mer of a flexible\ =0, homopolymer star witi=12 arms,«=1, and the ~ A=0, homopolymer ring wittiN=150 and«=1 vs the dimensionless de-

arm lengthN/f=50 in the good solvent)(®=0 vs the chain indek. gree of the Lennard-Jones attractitH?, across the coil-to-globule transi-
tion.

Next, we would like to look at the plots of the mean-
squared radius of gyration,R¥, and of the mean energy, N~1d&M/du© experiences the most dramatic drop, be-
£M across the coil-to-globule transition. These are depicted¢omes increasingly narrower with increasing polymer slze
in Figs. 7 and 8, respectively. The following points can beMoreover, since the magnitude of the overall change in the
made. First of all, the shapes of these curves are quite simil&pecific energy slope also increases with the coil-to-
for MC and GSC with both values @ Second, the coil-to- globule transition becomes “sharper” witN in the GSC
globule transition is continuous in all three cases, with theheory, consistent with the MC simulation data and the tran-
energy slope changing noticeably at around the theta-poinsition being of second ordét:** Note also, that the theta-
Third, the transition occurs at a somewhat higher value of thgoint, which we may define, e.g., as the point of the maximal
attraction constant)(®) in the GSC theory than in the MC change inN~1d&(M/dU©), shifts towards lower values of
simulation. This can be explained by the underestimation ot)(®) with increasingN.
the Lennard-Jones attraction energy in the globule discussed
above. Last, RS of the globule is partly overestimated by V. CONCLUSION
the GSC method witla= 1, since the valu&(®© =6 is much

;:OST \t;it:]he_ploltr;]t ;)ft:]h? Viﬁgg_glgb urIeMtéansnmn for the ., self-consistentGSQ technique which does not rely on
eory a= an tha —UJ0 ' the virial-like expansion of the Hamiltonian in terms of pow-

globzllr;allr)gngtigzdii rs;%ndgtcvi'zfgsgrie&?p?; t;hif(i[ﬁ:t;;e ers of the densityfdrp(r)‘. As a result, it is now possible to
- e apply th h icall I lin-
cific energy slope N~ *d&M™/dU©, versusU©® for the apply the new method to practically any polymer model in
. . . : .~ . volving conventional molecular interactions.
flexible rings of different sizes. These curves nearly coincide .
Thus, we have been able to compare the mean spatial

n thg)repulswe coil region, startlng_t_o diverge from a Valgecharacteristics and the energy values between the results
of U¥=1.2. The region of the transition, where the quantity

In this paper we have developed a version of the Gauss-

400 T T T T T T T
Flexible Ring

4 200 N=150 |

glint) ot -

200
-400
-600

-800 -

Globule of a Flexible Ring 1000 F
N =200 U9 =6 i
-1200 L L

0 L L ' ' 0 1 2
0 20 40 60 80 100

bk —

FIG. 8. The mean energy™ (in kgT units) of a flexible,\ =0, homopoly-
mer ring withN=150 and«=1 vs the degree of the Lennard-Jones attrac-
tion, U(®, across the coil-to-globule transition.

FIG. 6. The mean-squared distand@g, (in €2 units) for the globule of a
flexible, =0, ring homopolymer witiN= 200, k=1, andU(®=6 vs the
chain indexk.
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Rl e ; ' T T T ' accurate in the GSC theory, although the mean energy is less
ol -t - Flexible Rings | so because of the lack of a sharp liquidlike peak in the RDF.
qetmt) . GSC,a=09 To make the agreement of GSC and MC better, one has
NdUW oL 1 to finally overcome the most restrictive feature of the
method—the Gaussian shape of RDF itself. One possible
08 Y S N = 50 T way of doir!g this i§ to take a linear 'sqperposition' of the
L “ Ml T s e Gaussian tr_|al fun_ctlons, thereby pe_rmlttlng “st_retchlng“ of
\::\ Tt N =100 the Gaussoid. This should be sufficient for curing the prob-
a2 | R N lem with the swelling exponent of the repulsive coil in the
\M:::“\._,Jy =200 GSC theory. Work along these lines is currently in progress.
A4r “**u,.:::‘"-w: The main difficulties in doing this are in the considerable
N = 30@““* mathematical complications when calculating the non-

18 . . . . s ] s ' '
0 1 2 3 4 5 6 7 8 Gaussian conformational entropy of the chain, as well as in

0y . . . . .
v the added numerical complexity, since a radial mesh for RDF
FIG. 9. Plots of the specific energy slopé; 1d&i™/dU® (in keT unitg of ~ Would have to be introduced. Nevertheless, we intend to re-
flexible, A =0, homopolymer rings witik=1 vs the degree of the Lennard- Solve these issues and hope to present a more accurate, and at

Jones attraction) (), across the coil-to-globule transition for different poly- last a non-Gaussian self-consistent theory in the near future.
mer sizesN=50, 100, 200, 30@from top to bottom. These are obtained
from the GSC theory witla=0.9.
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