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Partition function versus boundary conditions and confinement in the Yang-Mills theory

N. A. Sveshnikov* and E. G. Timoshenko†

Skobeltsyn Nuclear Physics Institute, Moscow State University, Moscow, 119899, Russia
~Received 23 February 1998; published 24 September 1998!

We analyze the dependence of the partition function on the boundary condition for the longitudinal com-
ponent of the electric field strength in gauge field theories. In a physical gauge the Gauss law constraint may
be resolved explicitly expressing this component via an integral of the physical transversal variables. In
particular, we study quantum electrodynamics with an external charge and SU~2! gluodynamics. We find that
only a charge distribution slowly decreasing at spatial infinity can produce a nontrivial dependence in the
Abelian theory. However, in gluodynamics for temperatures below some critical value the partition function
acquires a delta-function-like dependence on the boundary condition, which leads to color confinement.
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I. INTRODUCTION

There is considerable tradition in field theory~see, e.g.,
Ref. @1#! to neglect any surface terms inevitably appearing
derivations. This is usually motivated by a fast decrease
all fields at spatial infinity. Such behavior is only natural f
theories with short-range interactions, but it is by no me
obvious if long-range interactions come into play.

The same problem acquires a somewhat different form
finite temperature. Obviously, the partition function of
translationally invariant system is ill defined in infinite vo
ume. Therefore, initially one has to enclose the system in
finite domainV and to assume some boundary conditions
the boundary]V. Then, to analyze dependence on bound
conditions we have to consider the functional,

Z@x#5Tr@e2bHVd~fu]V2x!#, ~1!

whereHV is the Hamiltonian of the system in volumeV, b is
the inverse temperature,f is some subset of the canonic
variables, and the functionx defined on the boundary]V
specifies the Dirichlet boundary conditions for the latter.
this framework we shall callZ@x# the effective partition
function, its introduction being analogous in spirit to that
the effective action. It is reasonable to expect thatZ@x# and
any thermodynamic function become independent of the
ticular choice of boundary conditions in the thermodynam
limit V→`. Once again, one may doubt whether that wo
really be the case for long-range interacting systems.

It was early recognized in the theory of gravity@2# that
there are important physical situations in which bound
terms may have a physical meaning. We would like to m
tion also that many problems in hydrodynamics, such
e.g., the description of surface waves@3#, do require one to
consider variables at the boundary and nonvanishing sur
terms.
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Recently interest in boundary effects in various field the
ries has rapidly increased@4#. It has been found in the frame
work of the algebraic quantum field theory@5# that certain
two-dimensional models possess a nontrivial dynamics of
variables at infinity, and that such dynamics is responsib
for the phenomenon of dynamic mass generation.

Our current purpose is to emphasize the role of bound
terms in the four-dimensional gauge field theory at fin
temperature and to study the physical effects they can
duce. In this case the appearance of a nontrivialx depen-
dence inZ@x# in the thermodynamic limit is almost obviou
for the following reasons. The gauge theory is initially fo
mulated in terms of an enlarged set of variables, the ve
potentialsA and the electric field strengthsE in the Hamil-
tonian formulation, which make the gauge invariance exp
itly manifest. Further, to obtain observable quantities one
to project the theory onto a subset of thephysicalvariables
by resolving the Gauss law constraint“E5r and by adopt-
ing a gauge condition. Boundary conditions, of course, h
to be compatible with these. For instance, in the Abelian c
consider the boundary condition for the electric field stren
componentEi normal to the boundary]V, which we take for
simplicity as a sphere of radiusR:

R2Ei~Rx̂!u]V5x~ x̂!. ~2!

This variable then has to obey the integrated form of
Gauss law and, therefore,

Z@x#}dS E
]V

dx̂ x2E
V
dx r D . ~3!

We would like to emphasize that the dependence of
effective partition function on the boundary condition im
posed onEi is of primary importance in the gauge theo
because of the direct relation of this component to the co
charge flux due to the Gauss law. Analysis of this dep
dence will be the subject of the current paper. Based
knowledge of this dependence alone we can suggest a si
confinement criterion

l-
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Z@x#})
x̂

d„x~ x̂!…. ~4!

The latter condition simply means that the color flux
strictly zero ineverydirection at spatial infinity for any stat
belonging to the Hilbert space of the system.

The plan of the paper is as follows. In Sec. II we proce
with a careful calculation of ofZ@x# in the simplest case o
the Abelian theory with an external charge density. Then
Sec. III we reproduce the answer obtained in the previ
section using another technique, which is also applicabl
the non-Abelian theory. Section IV is devoted to the calc
lation of Z@x# using the mean-field approximation and to
consequent analysis of the confinement phase transitio
gluodynamics.

II. PARTITION FUNCTION OF QED
WITH AN EXTERNAL CHARGE

The partition function in a finite domainV may be repre-
sented by a Euclidean path integral over fields periodic
time on the interval@0,b#, whereb is the inverse tempera
ture. The path integral is well defined only if some bounda
conditions are specified on all fields at the boundary]V.

Let us denote the transversal and longitudinal compon
of vectors with respect to the gradient­ as superscripts
­A'50 and with respect to the vectorx as subscriptsxA'

50. For simplicity we choose the Coulomb gaugeA5A'.
We note also that the conditionA5A' corresponds to the
Fock-Schwinger gauge@6# ~see the Appendix!. We shall also
assume thatV5$x:uxu5R% is a spherical domain with the
radiusR. The Gauss law constraint

­E5r~x! ~5!

allows us to eliminate one space component of the elec
field strengthE.

In a previous work@7# on the basis of a general result@8#
we have developed a Hamiltonian formalism for a system
a finite spherical domain incorporating the boundary val
as Hamiltonian variables. We have shown that the bound
conditionsE'(Rx̂)50 andxjFi j (Rx̂)50 are consistent with
the localized time evolution in the Fock-Schwinger gau
By transforming the theory into the Coulomb gauge o
would arrive instead at a boundary condition of the fo
E'(Rx̂)50. Since these variables are independent, the
pendence on a particular choice of boundary conditions
appears for an infinite system. The situation is quite differ
for the componentEi(Rx̂)5 x̂E(Rx̂). Indeed, Eq.~5! may be
easily solved:

Ei~x!5
1

x2E0

x

y2dy~r2­E'!~yx̂!. ~6!

Both types of transversal variables are connected by the
lation @9#
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E'~x!5E'~x!2­E
0

x

dy x̂E'~yx̂!. ~7!

Combination of Eqs.~6! and ~7! now yields

R2Ei~Rx̂!2E
0

R

y2dy r~yx̂!5D̂E
0

R

~R2y!dyx̂E'~yx̂!,

~8!

where we have used the spherical part of the LaplacianD

[x21]x
2x1x22D̂. It is clear that the requirementEi(Rx̂)

5x( x̂), wherex( x̂) is arbitrary, is nothing but a constrain
on the physical variablesE'. As we have seen@7#, it is this
constraint that makes the finite volume Hamiltonian form
ism closed.

Now, then, the partition function of QED with an extern
charge may be represented by the following path integra
the Coulomb gauge:

Z5E DADEd~­A!d„R2Ei~Rx̂!2x~ x̂!…

3expE
L

d4xS iEȦ2
1

2
E21

1

2
ADA

2
1

2e2
~­E2r!2D , ~9!

where we have used the notation for the domainL5@0,b#
3V ~we shall also use the notation]L5@0,b#3]V). We
have also introduced a regularization of the Gauss law by
parametere, which should be set equal to zero at the end
calculations. This is intended simply to avoid the use of s
gular distributions during intermediate derivations. Ase van-
ishes the ‘‘soft’’ Gauss law becomes the strict one in analo
with the one-dimensional formula

lim
e→0

~2pe2!21/2exp~2F2/2e2!5d~F!,

and the gauge invariance is completely restored.
The above Gaussian integral is evaluated in a stand

manner by a shift of the integration variables. To find t
integral overE we introduce a new integration variableE1 :

E5E11E, E1~Rx̂!50. ~10!

Here the new variableE1 satisfies the zero boundary cond
tion andE is chosen so that there is no linear term inE1 .
This gives an equation onE:

i Ȧ2E1
1

e2
­~­E!2

1

e2
­r50, ~11!

R2x̂E~Rx̂!5x~ x̂!. ~12!

The latter boundary condition follows from the second de
function in Eq. ~9!. We may decompose this vector int
4-2
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transversal and longitudinal parts in momentum spaceE
5E'2­w. Then, the transversal part is simplyE'5 i Ȧ, and
the equation forw becomes

~D2e2!w52r, ~13!

R2
]w

]R
52x~ x̂!. ~14!

The partition function~9! is further decomposed as the pro
uct:

Z5Z1Z̃,

Z15E DA'DE expE
L

d4x

3S 2
1

2
Ȧ21

1

2
ADA2

1

2
E1

22
1

2e2
~­E1!2D , ~15!

Z̃5expbS 1

2E]V
dx̂ x~ x̂!w~Rx̂!2

1

2E]V
dx r~x!w~x! D ,

~16!

wherew is the solution of Eqs.~13!,~14!.
The solution of Eqs.~13!,~14! is, obviously, the sum of

the homogeneous partf satisfying the nontrivial boundary
condition and of the inhomogeneous part satisfying the z
boundary condition,

w5f2Gdr, G5~D2e2!21, ~17!

where G is the Green function corresponding to the ze
Neumann boundary condition atR. The effective partition
function can be presented as

Z̃5Z̃xZ̃rrZ̃rx ,

Z̃x5expS b

2E]V
dx̂ x~ x̂!f~ x̂! D , ~18!

Z̃rr5expS b

2E]V
dxdyr~x!G~x,y!r~y! D , ~19!

Z̃rx5expS 2
b

2E]V
dx f~x!r~x! D

3expS 2
b

2E]V
dx̂ x~ x̂!~Gdr!~ x̂! D . ~20!

It is natural to consider the problem further in terms of t
spherical coordinates. The solution of Eq.~13!, regular inside
the sphere, is given by

f lm5ClmA p

2er
I l 11/2~er !, ~21!
08502
ro

-

I n21/2~z!5A 2

pz
znS 1

z

d

dzD
n

coshz. ~22!

The constantClm is determined from Eq.~14!. The role of
the regulatore now becomes clear. The zero mode soluti
is, simply,

f005C00

sinher

er
,

C0052
x00

R2e@cosheR/eR2sinheR/~eR!2#
,

~23!

and it is 1/e2 singular ase tends to zero. At the same time
solutions for other modes are perfectly regular in this lim
and tend to

f lm5Clmr l , Clm52
x lm

lRl 11
. ~24!

In consideration of the zero mode one must therefore
more careful and keepe nonvanishing. The zero-mode Gree
function, which is defined by

S 1

r

]2

]r 2
r 2e2D G00~r ,r 8!5

d~r 2r 8!

rr 8
, ~25!

]G00~r ,r 8!

]r
ur 5R50, ~26!

is easily calculated:

G00~r ,r 8!5
1

err 8
S 1

2
sinheur 2r 8u2

1

2
sinhe~r 1r 8!

1
sinheR2cosheR/eR

cosheR2sinheR/eR
sinhersinher 8D .

~27!

The leading terms at smalle are

G00~r ,r 8!.2
3

e2R3
1

9

5R
2

1

2

r 21r 82

R3
2

1

max~r ,r 8!
,

~28!

f00.2S 3

e2R3
2

3

10R
1

r 2

2R3D x00. ~29!

Substitution of these results into formulas~18!–~20! gives,
for the nonzero modes in the limite50,

Z̃x l .05expS 2
b

2R (
lm.0

ux lmu2

l D . ~30!
4-3
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For simplicity, we assume that the distribution of the cha
r is spherically symmetrical. In this case only the zero-mo
term survives. If we introduce the charge density momen

Q005E
0

R

r 2drr00~r !, G005E
0

R

r 4drr00~r !, ~31!

our results may be summarized as follows:

Z̃005expbF2
1

2E0

R

x2dx y2dy
r00~x!r00~y!

max~x,y!

2
3

2e2R3
~Q002x00!

2

1
1

RS 9

10
Q 00

2 2
1

10
x00

2 2
3

10
x00Q00D

2
1

2R3
~Q002x00!G00G . ~32!

In the limit e→0 this functional contains the delta functio
of the conditionQ005x00, and in addition we find the fol-
lowing correction to the standard answer due to the surf
terms:

Z̃005expS b

2R
Q 00

2 D d~Q002x00!. ~33!

As a simple illustration of the above result it is instructi
to consider the charge densityr0052k/(Apr ) correspond-
ing to a linear rising electric potentialw5kr . For such an
exotic charge distribution, modeling the confinement like p
tential, we find an additional constant contribution to the fr
energy density:

DF52
logZ

bV
52

3

32p2
k2. ~34!

It is interesting to note that this correction makes the f
energy density smaller, and in this sense the boundary eff
are thermodynamically significant. This example exhibits
promising connection between boundary effects and the c
finement phenomenon.

III. COLLECTIVE VARIABLE FORMULATION

In the present section we give a different formulation
the same problem by introducing the collective variables,
conjugate to the Gauss law constraint. Both formulations
completely equivalent in the Abelian theory, the transform
tion between them being just a trivial change of variabl
However, the new formulation appears to be more fruitful
the non-Abelian gauge theory. Let us rewrite formula~9! in
terms of the collective variables, introduced by the defini-
tion
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expS 2
1

2e2EL
d4x~­E2r!2D

5E Ds expE
L

d4xS 2
e2

2
s21 is~­E2r! D . ~35!

One starts by taking the integral overE:

J5E DE expE
L

d4xS 2
1

2
E21 iEȦ1 is­ED

3d„R2Ei~Rx̂!2x~ x̂!…. ~36!

This can be done in analogy with the previous section
applying a shiftE5E11E and using the decompositionE
5E'2­w. Then, we shall getE'5 i Ȧ and w5 is. Using
the delta function in the above formula one may rewrite
boundary term asi *]Ldt dx̂ xs. In the term*dx Ȧ­s the
appropriate boundary term vanishes by the gauge condit
Thus, we obtain

J5expS 2
1

2EL
d4x@Ȧ21~­s!2#1 i E

]L
dt dx̂ xs D

3dS iR2
]s

]R
1x D . ~37!

At this stage thex dependence is contained only in the int
gral:

Z̃5E Ds expF2E
L

d4xS 1

2
~­s!21

e2

2
s21 isr D

1 i E
]L

dt dx̂xsGdS iR2
]s

]R
1x D . ~38!

Such an integral is evaluated straightforwardly by a shift
the integration variable,s5s11§. The new variable satis
fies the trivial boundary conditionR2]s1(Rx̂)/]R50, and§
is found by the requirement that there be no term linear ins1
after the shift. This gives the equations on§:

~D2e2!§5 ir, R2
]§

]R
5 ix. ~39!

Using the boundary condition on§ we finally derive

Z̃5expS 2
i

2
bE

V
dx §r1

i

2
bE

V
dx̂ §x D . ~40!

Note that with the identification§52 iw we have precisely
reproduced the answer of Eqs.~13!,~14!,~16!.

IV. NON-ABELIAN THEORY

In a previous paper@9# we have derived a representatio
for the partition functionZ of SU~N! gluodynamics in a finite
volume as the path integral over the collective variab
4-4
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PARTITION FUNCTION VERSUS BOUNDARY . . . PHYSICAL REVIEW D58 085024
analogous to that of the previous section. In order to find
effective partition functionZ@x# dependence we have to re
turn to the beginning of that derivation in the Foc
Schwinger gauge:

Z@x#5E DADEDs

3expF E
L

d4xS iEȦ2
1

2
E22

1

2
B21 is¹ED G

3d~Ai!d„R
2Ei~Rx̂!2x…, ~41!

wheres, clearly, is just a different notation for the tempor
component of the gauge field,A0 . Here and below we shal
suppress color indices if it does not lead to confusion. In
non-Abelian theory the gauge invariance ofZ@x# so defined
is by no means obvious. We do not address this ques
here, restricting our considerations to the Fock-Schwin
gauge only. However, we shall see that the final express
for the mean values of observables turn out gauge invari
Obviously, any dependence onx is concentrated in the pat
integral overEi :

I 5E DEiexpF E
L

d4xS 2
1

2
Ei

21 is~­x̂!Ei D Gd~R2Ei2x!.

~42!

This is calculated by a shift Ei5Ei
11E, where

E52 i ]s/]x and Ei
1 satisfies the zero Dirichlet-boundar

condition. Such a derivation gives

I 5expH E
0

b

dtF2
1

2EV
dxS ]s

]x D 2

1 i E dx̂sxG J
3dS R2

]s

]R
2 ix D . ~43!

Next, by introducing the path integral representation

expS 2
1

2EL
d4xBi

2D 5E Dn expF E
L

d4xS 2
1

2
n21 inBi D G ,

~44!

and after performing the integrations overA' and E' ~see
Ref. @9# for more details! we finally obtain

Z@x#5E Ds Dn expS 2W@s,n#1 i E
]L

dt dx̂ sx D
3d~R2s82 ix!,

2W@s,n#5ndn1­sd­s1K2dC1
21dK1

1K1dC2
21dK21tr lnC1C2 ,

C652Dx2¹ t
26D, K65­6n6¹ t­6s,

¹ t
ab5dab] t2gtabcsc, Dab5gtabcnc, ~45!
08502
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where the projected derivatives are defined by

]6
i 5P6

i j ] j , P6
i j 5

1

2
~d i j 2 x̂i x̂ j6 i e i jk x̂k!, ~46!

and the bullet denotes 4D integration over the domainL.
The effective actionW@s,n# is rather complicated. The

standard statistical mechanical procedure would be to s
by considering the mean-field approximation in terms
these collective variables. Such an approximation is n
trivial compared to that in terms of the original gauge fiel
since we have included certain quantum fluctuations by
actly integrating over the gauge fields. Moreover, since
new variables transform homogeneously, one avoids c
cerns about breaking the gauge invariance of the the
while using simple stationary point solutions. In the Conc
sion we shall also discuss mathematical justification for
current mean-field expansion based on the observation
the resulting effective action turns out to be proportional t
large parameter.

In the saddle point approximation one expands the ac
near the saddle point:

W@§1s1#5W@§#1E
L

d4x
dW

d§~x!
s1~x!

1E
]L

dt R2dx̂E ~1!@§#s1~Rx̂!1•••. ~47!

In the mean-field approximation we may write

Z̃@x#5expS 2W@§#1 i E
]L

dt dx̂ §x D , ~48!

dW

d§
50, R2

]§~Rx̂!

]R
5 ix, ~49!

where the contribution from the first Euler derivative of th
actionE (1)@§# is precisely canceled with that from the su
face term in Eq.~45!.

Thus, in the mean-field approximation the depende
Z@x# is controlled by the saddle point solution§. As we
have seen in the previous section, the Abelian gauge the
possesses only the trivial solution§50.

In Ref. @9# we have studied constant solutions of t
mean-field equations. Let us reproduce those results br
here, but in addition carefully keeping a finite volume. F
simplicity we also restrict ourselves to the gauge gro
SU~2!. First of all, we introduce the notation for the fre
energy densityFR:

WR5bVRFR , FR5gRFR , gR5
8p2Rd~ 0̂!

b2VR

, ~50!

where VR54pR3/3 is the domain volume andd(0̂)
5(1/4p)( l(2l 11) is the ultravioletly divergent angula
delta function with coinciding arguments. The functionFR is
now expressed via the dimensionless variables
4-5
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s5
2ps

bg
, n5 i S 2pu

bg D 2

, ~51!

where to produce a real mean magnetic fieldn has to be
purely imaginary@see Eq.~44!#. After introducing the con-
trol parametera5(2p)4/(2g2b4gR) and carrying out some
derivations we obtain

FR@u,s#52au41UR@u,s#, ~52!

UR@u,s#5UR@s#1VR@u,s#, ~53!

VR@u,s#5
b

2pR

3 (
n52`

`

ln
LR„~n1s!21u2

…LR„~n1s!22u2
…

LR
2
„~n1s!2

…

,

~54!

UR@s#5
b

pR(
m50

`

lnS 12
cos 2ps

cosh@p~m11/2!b/R# D ,

~55!

whereLR(x)5cosh(2pRAx/b).
It can be seen that at finiteR this free energy possesse

only a trivial minimum ats5u50. The situation change
after taking the thermodynamic limitR→`. The resulting
expression for the free energy density~see Ref.@9#! pos-
sesses only the trivial stable solutionu5s50 at high tem-
peratures. However, at some critical temperatureTc the sys-
tem undergoes a first-order phase transition, below wh
there appears a deeper nontrivial minimum atu5s51/2 ~see
Ref. @9#!.

Therefore, at high temperaturesT.Tc the dependence
Z@x# is determined by the solution of the linearized equat
d2W/d§2ds1 around§50. This can only produce a depen
dence akin to the Abelian theory. Namely, it contains
delta function expressing the conservation of the glo
charge@Eq. ~3! with r50#, and apart from that it is trivial in
the sense thatZ@x lm#→1 in the thermodynamic limitR
→`. This situation, obviously, corresponds to thedecon-
finementphase as there is no restriction on the color fluxe
infinity.

However, below the critical temperatureT,Tc there is a
nonzero constant solutionu§u5p/gb. Since the system in
invariant under the group of thebig gauge transformations

G` parametrized by matricesU( x̂), the corresponding uni
color vector§̂( x̂) is arbitrary in every directionx̂. After in-
tegration over the orbits of the group SU~2! at each conex̂
the dependence becomes

Z̃@x#5)
x̂

sinDb§x~ x̂!

Db§x~ x̂!
;expS 2

Dp2

g2 E
]V

dx̂ x2~ x̂!D ,

~56!

where we have introduced a discretization of the unit sph
with D being the infinitesimal cone area. It is well known@1#
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that in the continuous limit the bare coupling constant va
ishesg→0, thereby making the effective partition functio
Z@x# a very sharply peaked function around the zero ar
ment due to its essentially nonperturbative dependence og.
This property corresponds to theconfinementphase, in which
color fluxes are equal to zero in every spatial direction
infinity.

So we can conclude that the dependence of the effec
free energy onx is the following:

Z@x#5H )
x̂

d„x~ x̂!…, T,Tc ,

1, T.Tc .
~57!

Therefore, the Gibbs average of an observableA is given by

^A&5H ^A&0 , T,Tc ,

E dx~ x̂!^A&x , T.Tc , ~58!

where we have introduced the averages over inequiva
representations:

^A&x5
1

Z@x#
E Ds Dn expS 2W@s,n#

1 i E
]L

dt dx̂ sx DA@s,n#. ~59!

It is straightforward to see that any Gibbs average at l
temperatures contains the singlet projector of the groupG` :

^A&05 lim
R→`

1

ZR@0#
Tr@e2bHRd~QR!A#

5 lim
R→`

1

ZR@0#
Tr~e2bHRPsA!, ~60!

whereQR5*VR
dx ¹E is the operator of the color charge i

volume V and Ps is the singlet projector of the big gaug
transformations. The presence of this projector in the Gi
averages has been demonstrated to lead to the area la
the Wilson loop@10,9#, which is considered to be a standa
confinement criterion.

V. CONCLUSION

The Gauss law in gauge field theory may be resolv
explicitly in a physical gauge. This produces effectively no
local interactions generating a boundary nontriviality of t
theory.

We have studied the dependence of the effective parti
function on the Dirichlet boundary conditionR2Ei(Rx̂)
5x( x̂) imposed on the residual component of the elec
field for electrodynamics with an external charge and SU~2!
gluodynamics. In the Abelian case this dependence alw
4-6
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contains a delta function expressing the conservation of
total charge, and it is nontrivial only for charge distributio
slowly decreasing at spatial infinity.

Non-Abelian self-interactions lead to a more unusual
fect. Here the restriction of possible boundary values of
longitudinal electric field at low temperatures provides t
confinement mechanism proposed by us in Ref.@9#. Indeed,
this quantity is proportional to the flux of the electric fie
through an infinitesimal cone in the directionx̂ at infinity.
Therefore, since the color flux vanishes for any direction,
color could escape to infinity and be experimentally o
served.

Finally, let us discuss the status of the mean-field appro
mation involved in the last part of our derivations. In Re
@9,10# we have found that the effective action is proportion
to WR;(VR /g2b)J0FR , whereJ0 is the string tension co
efficient for the SU~2! group. Thus, there is a natural larg
parameter, which is infrared and ultraviolet divergent, wh
makes use of the saddle point approximation mathematic
justifiable. Quite often in statistical mechanics a mean-fi
treatment in terms of proper collective variables yields a c
rect qualitative picture of phase transitions, though not n
essarily quantitatively accurate.

To test this in Refs.@9,10# we have managed to calcula
the ratio AJ0/Tc , where Tc is the confinement transition
temperature, and this ratio was found to be in fair agreem
with data from lattice simulations. Despite bare cutoffs ca
celing out from some observables such as this one, t
presence in others is an unavoidable limitation of any me
field scheme. An account of higher order fluctuations sho
lead to an effective renormalization of all parameters of
theory, but it presents a considerable computational c
lenge due to the nonlocality and complicated realization
Poincare´ invariance in the Fock-Schwinger gauge.

However, in our view the current approach present
sufficiently simple and elegant theoretical scheme, wh
provides interesting insights into the mystery of confinem
consistent with conventional wisdom. We believe that
main physical picture of the confinement-deconfinem
transition discussed here should remain valid beyond
mean-field approximation. This is something that could
probed by lattice simulations if good procedures for study
mean color fluxes at infinity and other relevant observab
can be implemented.
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APPENDIX: GENERALIZED FOCK-SCHWINGER GAUGE

Let VR be a regular domain inR3 topologically equivalent
to a ball with a smooth boundary]VR . One can choose th
curvilinear coordinate systemX in VR such that on the
boundary]VR the first coordinate is constant and equal
some parameterR, which would play the role of an infrared
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regulator, i.e.,]VR5$X:X1(x)5R5const%. The field of vec-
tors normal to the boundary for all possible values ofR
forms a differentiable vector field inR3. We shall denote the
ordinary Cartesian coordinates asx to distinguish them from
X. The local orthonormal frame then can be written as

ei
~k!5

1

hk

]xi

]Xk
, hk5F(

i 51

3 S ]xi

]Xk
D 2G1/2

, h[)
i 51

3

hi ,

~A1!

wherehk are called the Lame´ coefficients. Also, to distin-
guish the components of vectors in the curvilinear frame
shall use the notation with indices in parentheses:

A~k!5e~k!
i Ai , ]~k![

1

hk

]

]Xk
. ~A2!

Then e(1) defines the field of normal vectors we have ju
introduced. It is natural to perform the~211! decomposition
onto the longitudinal and transversal~denoted by the Greek
characters! components:i→(1,a), a52,3, where the corre-
sponding 2D radius vector will be denoted asX̆5(X2 ,X3).

Gauge theory in a finite domainVR acquires especially
elegant formulation in a gauge which is consistent with
shape of the boundary. Namely, we shall require that
normal component of the gauge field vanish at every poi

e~1!~x!A~ t,x!50, A5A' , A'5PA,

P512e~1! ^ e~1! . ~A3!

This gauge condition is natural to name thegeneralized
Fock-Schwinger gauge. Its most significant property is tha
the Gauss law¹ iEi50 can be resolved explicitly,

E~1!52
h1

h E
X1

~0!

X1
dX18~hF'!~X18 ,X̆!, ~A4!

expressing the longitudinal component of the electric fi
through the transversal components of the gauge
strength fields:

F'[¹ iE' i5
ha

h
¹~a!S h

ha
E~a!D . ~A5!

Above the lower integration limitX1
(0) is equal to some con

stant, which should be chosen in the reference point of
coordinate system. Analogously, one can solve the ident

¹ iGi50, Gi[¹ jFi j , ~A6!

expressingG(1) as

G~1!52
h1

h E
X̄1

~0!

X1
dX18~h ¹ iG' i !~X18 ,X̆!. ~A7!

Further, one of the components of the Bianchi identity is

¹ iBi50, Bk5
1

2
e i jkFi j , ~A8!
4-7
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which allows us to express the longitudinal magnetic field

B~1!52
h1

h E
X1

~0!

X1
dX18~h¹ iB' i !~X18 ,X̆!. ~A9!

Other components of the Bianchi identitye i jke(a)
i ¹ jEk50

give

1

ha

]

]X1
~haE~a!!5¹~a!~h1E~1!!. ~A10!

A nice property of the Fock-Schwinger gauge is that
gauge strength and potentials are related to each other
simple way. Indeed, from the definition of the gauge stren
tensor, applying the gauge condition we have

1

ha

]

]X1
~haA~a!!5h1F ~a!~1! . ~A11!

However, the integral form of this equation,

A~a!5
1

ha
E

X̃1
~0!

X1
dX18~h1haF ~a!~1!!~X18 ,X̆!, ~A12!

breaks the residual gauge transformations symmetry
group, whereas choosing the lower integration limits in
previous integral relations did not violate such a symme
Fixing some kind of the boundary condition above, e.
choosingX̃1

(0)5x1
0 in the reference point so that

lim
X1→x1

0

~haA~a!!~X!50, ~A13!

can be shown to be sufficient for determining a unique ga
field satisfying the gauge condition. Indeed, letÃ be any
gauge field. The transformation to the Fock-Schwing
gauge is accomplished by a gauge transformationU(X):

A~X!5U21@Ã~X!2g21­#U~X!, E~X!5U21Ẽ~X!U~X!,
~A14!

which can be found from the equation

1

h1

]

]X1
U~X!5g~e~1!Ã!~X!U~X!. ~A15!

For the moment we can choose the initial condition sim
asU(X150,X̆)51. The solution of Eq.~A15! is given by the
Dyson P-exponent:

U~X!5P expS E
0

1

daR~a,X! D ,

R~a,X!5gX1~h1e~1!Ã!~aX1 ,X̆!. ~A16!
08502
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This can be explicitly worked out for the gauge fields:

Ab~X!5Ãa~X!P expS E
0

1

da@2gtabcRc~a,X!#

2g21E
0

1

db­Ra~b,X!

3PexpS E
0

b

dg@2gtabcRc~g,X!# D .

~A17!

By applying an additional residual gauge transformation
can always satisfy the boundary condition~A13!, and
uniquely. Really, suppose there exist two distinct gau
fields A8 and A9 satisfying Eqs.~A3!,~A13! and such that
A9ÞU21A8U, ;U5const. Then there should exist
gauge transformation between the two:

A9~X!5U21~X!@A8~X!2g21­#U~X!. ~A18!

Multiplication of this by e(1) gives (1/h1)@]U(X)/]X1#50,
i.e.,U5U(X̆). Such transformations form the subgroupGres
of the residual gauge symmetries in the Fock-Schwin
gauge. In fact, the boundary condition~A13! does not permit
such a transformation since in the limitX→x0 in Eq. ~A18!
the gauge fields would have a singularity which is not co
patible with such a boundary condition. This proves t
uniqueness of the gauge field if condition~A13! is imposed.

As a simple example let us consider theelliptic coordi-
nates: 1<X1,`, 21<X2<1, 0<X3<2p, where X3
5f is the polar angle andX15(r 11r 2)/2a, X25(r 1
2r 2)/2a. Such a coordinate system is defined by two poi
located at distances6a from the reference point along thez
axis with r1 , r2 being the radius vectors from these poin
The reference point is herex1

051, x2
050 and the Lame´

coefficients are given by

h1
25a2

X1
22X2

2

X1
221

, h2
25a2

X1
22X2

2

12X2
2

,

h3
25a2~X1

221!~12X2
2!. ~A19!

In the limit a50 the ellipsoid becomes a sphere and t
gauge turns into the standard Fock-Schwinger gauge. Fo
spherical coordinates: X15r , X25f, X35u the Lamé
coefficients become very simple:

h151, h25X1sinX3 , h35X1 . ~A20!

A technically attractive property of this particular gauge
that e( i ) do not depend onX1 and the vector normal to the
boundary is just equal to the unit radius vector,e(1)5 x̂.
4-8
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