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Partition function versus boundary conditions and confinement in the Yang-Mills theory
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We analyze the dependence of the partition function on the boundary condition for the longitudinal com-
ponent of the electric field strength in gauge field theories. In a physical gauge the Gauss law constraint may
be resolved explicitly expressing this component via an integral of the physical transversal variables. In
particular, we study quantum electrodynamics with an external charge af®l §Uodynamics. We find that
only a charge distribution slowly decreasing at spatial infinity can produce a nontrivial dependence in the
Abelian theory. However, in gluodynamics for temperatures below some critical value the partition function
acquires a delta-function-like dependence on the boundary condition, which leads to color confinement.
[S0556-282198)02320-0

PACS numbdss): 12.38.Aw, 11.10.Wx, 11.15.q

[. INTRODUCTION Recently interest in boundary effects in various field theo-
ries has rapidly increaseéd]. It has been found in the frame-

Re?[]i]r)etclnsn??:gtj;abzrt{:c(:jeltltoe r:n'g ifrlgsitg]tjo(rzee’e;?ﬁ’ i work of the algebraic quantum field theof§] that certain
) 9 y Y app 9 Myvo-dimensional models possess a nontrivial dynamics of the

gﬁrfli\é?(tjlggst.sTglt?a:Sinl;;lftallySanor:I\l;itﬁng) ); ias ];a:’lt iii;er:ffofvariables at infinity and that such dynamics is responsible
theories withpshort-ran Z.interactions but it isxt/) no mean.I,Or the phenomenon of dynamic mass generation.
g ' y Our current purpose is to emphasize the role of boundary

obvious if long-range interactions come into play. tterms in the four-dimensional gauge field theory at finite

i .The same problem acquires a somevx_/hat d|ﬁergnt form atemperature and to study the physical effects they can pro-
finite temperature. Obviously, the partition function of a quce. In this case the appearance of a nontriyiaepen-

translationally invariant system is ill defined in infinite vol- . . S :
L . dence inZ[ x] in the thermodynamic limit is almost obvious
ume. Therefore, initially one has to enclose the system into . L
or the following reasons. The gauge theory is initially for-

finite domainV and to assume some boundary conditions Amulated in terms of an enlarged set of variables, the vector

t:r:)igi(t)ilcj)?\:avr\/ﬁ\ﬁalgetg,ggnasri](?gztiedigﬁgt?fr?gle on boundarypotentialsA and the electric field strengths in the Hamil-

tonian formulation, which make the gauge invariance explic-
_H itly manifest. Further, to obtain observable quantities one has
Z[x1=Trle Pva(oly—x)], (D) to project the theory onto a subset of thieysicalvariables
by resolving the Gauss law constraME=p and by adopt-
whereH,, is the Hamiltonian of the system in volurive Bis  ing a gauge condition. Boundary conditions, of course, have
the inverse temperature) is some subset of the canonical to be compatible with these. For instance, in the Abelian case
variables, and the functioy defined on the boundaryVV ~ consider the boundary condition for the electric field strength
specifies the Dirichlet boundary conditions for the latter. Incomponeng; normal to the boundaryV, which we take for
this framework we shall calEZ[ x] the effective partition simplicity as a sphere of radiuR:
function its introduction being analogous in spirit to that of
the effective action. It is reasonable to expect tHgy] and
any thermodynamic function become independent of the par-
ticular choice of boundary conditions in the thermodynamic
limit V—<0. Once again, one may doubt whether that wouldThis variable then has to obey the integrated form of the
really be the case for long-range interacting systems. Gauss law and, therefore,
It was early recognized in the theory of grav(®] that
there are important physical situations in which boundary R
terms may have a physical meaning. We would like to men- Z[)(]°<5< f dX)(—f pr). )
tion also that many problems in hydrodynamics, such as, N v
e.g., the description of surface wavéd, do require one to
consider variables at the boundary and nonvanishing surface We would like to emphasize that the dependence of the
terms. effective partition function on the boundary condition im-
posed onE| is of primary importance in the gauge theory
because of the direct relation of this component to the color
*Deceased. charge flux due to the Gauss law. Analysis of this depen-
TPermanent address: Department of Chemistry, University Coldence will be the subject of the current paper. Based on
lege Dublin, Belfield, Dublin 4, Ireland. Email address: knowledge of this dependence alone we can suggest a simple
Edward.Timoshenko@ucd.ie; Internet: http://darkstar.ucd.ie confinement criterion

R2E(RX)| sy = x(X). )
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ZIx1=I1 s(x(x)). (4) E,(X)=E'(x)— 9 f:dyiE%yfo. @)

The latter condition simply means that the color flux is Combination of Eqs(6) and(7) now yields

strictly zero ineverydirection at spatial infinity for any state

R R
belonging to the Hilbert space of the system. RZE“(R;()_f y2dyp(y§<):5f (R—y)dyxE* (yX),
The plan of the paper is as follows. In Sec. Il we proceed 0 0
with a careful calculation of oF[ x] in the simplest case of ®

the Abelian theory with an external charge density. Then, in . .
Sec. Il we reproduce the answer obtained in the previouyherf ;/ve ha\zlg “Sefj the spherical part OT the Laplafslan
section using another technique, which is also applicable t&X _dxx+x “A. It is clear that the requiremert;(Rx)
the non-Abelian theory. Section IV is devoted to the calcu-= x(x), wherex(x) is arbitrary, is nothing but a constraint
lation of Z[ x] using the mean-field approximation and to aon the physical variable&'. As we have seefi7], it is this
consequent analysis of the confinement phase transition iconstraint that makes the finite volume Hamiltonian formal-
gluodynamics. ism closed.

Now, then, the partition function of QED with an external
charge may be represented by the following path integral in

Il. PARTITION FUNCTION OF QED the Coulomb gauge:

WITH AN EXTERNAL CHARGE

The partition function in a finite domai may be repre- _ 2 2N (S

sented by a Euclidean path integral over fields periodic in z f DADES(9A) S(R7Ey (R~ x(X))

time on the interva] 0,8], whereg is the inverse tempera-

ture. The path integral is well defined only if some boundary xexpf d%x

conditions are specified on all fields at the boundavy A
Let us denote the transversal and longitudinal components

of vectors with respect to the gradied as superscripts

dAL=0 and with respect to the vectaras subscriptsA

=0. For simplicity we choose the Coulomb gaufje A'.

We note also that the Conditi0ﬁ=Al Corresponds to the where we have used the notation for the doqu[O"B]

Fock-Schwinger gaugé)] (see the AppendjxWe shall also  x v (we shall also use the notatiom =[0,8]x V). We

assume thaV={x:|x|=R} is a spherical domain with the haye also introduced a regularization of the Gauss law by the

iEA lE2+ 1AAA
! 2= ' 2

, (€)

1 2
—?(35—9)

radiusR. The Gauss law constraint parametek, which should be set equal to zero at the end of
calculations. This is intended simply to avoid the use of sin-
IE=p(X) (5) gular distributions during intermediate derivations. &gan-

ishes the “soft” Gauss law becomes the strict one in analogy

allows us to eliminate one space component of the electri¥ith the one-dimensional formula
field strengthE. . 2112 21m 2\ _

In a previous worK7] on the basis of a general res[# l'TO (2me”) " exp( — ©%/2€%) = 5(P),
we have developed a Hamiltonian formalism for a system in

conditionsE, (RX) =0 andx;F;;(RX) =0 are consistent with manner by a shift of the integration variables. To find the
the localized time evolution in the Fock-Schwinger gaugeintegral overE we introduce a new integration varialig :

By transforming the theory into the Coulomb gauge one

would arrive instead at a boundary condition of the form E=E;+&, Ey(RX)=0. (10)

E*(Rx)=0. Since these variables are independent, the de- ) o )
pendence on a particular choice of boundary conditions distiere the new variabl&, satisfies the zero boundary condi-
appears for an infinite system. The situation is quite differenfion and€ is chosen so that there is no linear termbp.

for the componenEE(Rx) =XE(RX). Indeed, Eq(5) may be This gives an equation of:
easily solved:

. 1 1
iA—E+— 3 IE)— —dp=0, (12)
€ €

1 (x .
(0= J y2dy(p— 9E, ) (yX). ®
X0 RZXE(RX) = x(X). (12)

Both types of transversal variables are connected by the réhe latter boundary condition follows from the second delta
lation [9] function in Eq.(9). We may decompose this vector into
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transversal and longitudinal parts in momentum spate, 2
Ih-122)="\ 2

=& — d¢. Then, the transversal part is sim@y =iA, and

1d\"
— —| coshz. (22
the equation forp becomes

zdz

The constanC,,, is determined from Eq(14). The role of

(A—€e’)p=—p, (13)  the regulatore now becomes clear. The zero mode solution
is, simply,
do ~
277 _
®00= Coo e
The partition function9) is further decomposed as the prod-
uct:
X00
~ COO: - 2 . 2 ’
Z=27,7Z, Re[ cosheR/eR—sinheR/(eR)“]
(23
lef DA'DE expf d*x and it is 1£? singular ase tends to zero. At the same time,
A solutions for other modes are perfectly regular in this limit
11 1, 1 and tend to
X| = 5A%+ -AAA— SET— —(9E1)? ], (15
2 2 2 2¢2 | Xiem
Hm=Ciml,  Cim=-— IR+1° (24)

- 1 " A ~ 1
Z=ex —f dx x(x) Rx)——j dx p(X) @(X)
pB(Z Y XXl 2) v Pl In consideration of the zero mode one must therefore be

(160 more careful and keepnonvanishing. The zero-mode Green

_ ) function, which is defined by
where ¢ is the solution of Eqs(13),(14).

The solution of Eqs(13),(14) is, obviously, the sum of 1 2 S(r—r")
the homogeneous pa#t satisfying the nontrivial boundary (— —r—€?|Gyyr,r')y=—, (25
condition and of the inhomogeneous part satisfying the zero ror? re’
boundary condition,
dGoo(r,r'")
¢=6-G®p, G=(A-e)?, (17 =70 29

where G is the Green function corresponding to the zero-jg easily calculated:
Neumann boundary condition & The effective partition
function can be presented as

1 /(1. 1
Goolr,r')=— Esmhe|r—r’|—§smhe(r+r’)

2=2,2,,2,,, err
sinheR—cosrrR/eRn. hersinher
2X=exp(§f dix(§)¢(§)), (18) T CosteR—sinheR/eRo ! SINMET .
v
(27
zpfexr{gf dXdYP(X)G(X,y)P(Y)), (190  The leading terms at smadl are
oV
ot ") L9t re+r'? 1
- r)=———=+zm"5 - ,
7 —ex —Ef dx $(x)p(X) ° RS BR 2 R maxr,r)
pPX 2 N (28)
Bl ~ - .
xexr{—if’ dxX(x)(GOp)(x)). (20 3 3 r2
N o=~ ZRe 1R T oRs) X0 (29

It is natural to consider the problem further in terms of the o . _
spherical coordinates. The solution of Efj3), regular inside ~ Substitution of these results into formuléB8)—(20) gives,
the sphere, is given by for the nonzero modes in the limé#=0,

T = . B |le|2
$im=Cim \ 511+ v €r), (21) Zyi=0=€X _ﬁlrn2>0|— - (30)
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p is spherically symmetrical. In this case only the zero-modeex

For simplicity, we assume that the distribution of the charge 1
- f d*x(dE—p)
term survives. If we introduce the charge density momenta

2
R R _ ag| _ & 2 _
Qoo= fo r2drpog(r),  Goo= fo Fdrpogr),  (31) fDaexpfAd x( 57 +io(dE p)). (35

_ One starts by taking the integral ovier
our results may be summarized as follows:

DE ex f d*x E2+|EA+| 0E)
. 1R, pooX)pocly) f P 7
Zog=expB| — z x“dx yzdyW
0 ’ ~ -
X S(RPE(RX) — x(X)). (36)
——(Qoo— X00)? This can be done in analogy with the previous section by
2&R? applying a shiftE=E,+ £ and using the decompositiof
1 9 1 3

the delta function in the above formula one may rewrite the

boundary term asf, dt dX yo. In the termfdx Ado the

appropriate boundary term vanishes by the gauge condition.
(320  Thus, we obtain

) =&~ dp. Then, we shall geE-=iA and p=ico. Using

Qoo OXoo OXOOQoo

1
2 R3 =3 (200~ X00) Y00/ -

1 . -
— 41 A2 274
In the limit e—0 this functional contains the delta function J—ex% B EJAd XA+ (do)]+i LAdt dXX‘T)
of the conditionQge= xgo. and in addition we find the fol-
lowing correction to the standard answer due to the surface
terms:

iRZ&—UJr
X .

X 0 7R

37

~ B At this stage they dependence is contained only in the inte-
Zgp=ex ﬁQoo 0( Qoo X00)- (33 gral:

2

1 € )
X E(t?a')z-l— —o?+iop

As a simple illustration of the above result it is instructive 7= J Do exp{ — J d4 5

to consider the charge density,= — «/(\/7r) correspond-

ing to a linear rising electric potential= «r. For such an

. LY . . . ~ Jdo
exotic charge distribution, modeling the confinement like po- +i| dtdxyo|d|iR?— +X) ) (38)
tential, we find an additional constant contribution to the free aA IR

energy density:
» Y Such an integral is evaluated straightforwardly by a shift of

logZ 3 the integration variableg=0,+s. The new variable satis-
F=—— ==K (34) fies the trivial boundary conditioR?9c;(Rx)/dR=0, ands
BV 32m is found by the requirement that there be no term linear,in
after the shift. This gives the equations gn
It is interesting to note that this correction makes the free
energy density smaller, and in this sense the boundary effects ds

are thermodynamically significant. This example exhibits a (A-€*)s=ip, Rza_R:iX' (39
promising connection between boundary effects and the con-
finement phenomenon. Using the boundary condition onwe finally derive
- i i R
lll. COLLECTIVE VARIABLE FORMULATION z=exp( _ E'Bﬁ,dxg‘ﬁ E’vadxgx _ (40)
In the present section we give a different formulation of
the same problem by introducing the collective variable  Note that with the identificatior=—i¢ we have precisely

conjugate to the Gauss law constraint. Both formulations ar@eproduced the answer of Eq4.3),(14),(16).

completely equivalent in the Abelian theory, the transforma-

tion between them being just a trivial change of variables. IV. NON-ABELIAN THEORY

However, the new formulation appears to be more fruitful in

the non-Abelian gauge theory. Let us rewrite form(8ain In a previous papef9] we have derived a representation
terms of the collective variable, introduced by the defini- for the partition functiorZ of SU(N) gluodynamics in a finite
tion volume as the path integral over the collective variables
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analogous to that of the previous section. In order to find thevhere the projected derivatives are defined by
effective partition functiorZ[ x] dependence we have to re- L
gjgﬂwgggé?zazzgl:nnmg of that derivation in the Fock- d=Tilg,, H';=§(5‘j—§<‘§<jtie”k§<k), (46)
and the bullet denotes 4D integration over the domfain
The effective actionV] o, v] is rather complicated. The
standard statistical mechanical procedure would be to start
Xexr{f d“x(iEA— EEZ— EBzJFiUVE” by considering the _mean-field approximatiqn ir_l terms of
A 2 2 these collective variables. Such an approximation is non-
. trivial compared to that in terms of the original gauge fields
X 8(A) S(RPEj(RX) — x), (41)  since we have included certain quantum fluctuations by ex-
actly integrating over the gauge fields. Moreover, since the
WhereO', Clearly, is just a different notation for the temporal new variables transform homogeneously, one avoids con-
component of the gauge field,. Here and below we shall cerns about breaking the gauge invariance of the theory
suppress color indices if it does not lead to confusion. In thgyhile using simple stationary point solutions. In the Conclu-
non-Abelian theory the gauge invarianceZjfy] so defined  sjon we shall also discuss mathematical justification for the
is by no means obvious. We do not address this questiopurrent mean-field expansion based on the observation that
here, restricting our considerations to the Fock-Schwingethe resulting effective action turns out to be proportional to a
gauge only. However, we shall see that the final expressiongrge parameter.
for the mean values of observables turn out gauge invariant. In the saddle point approximation one expands the action
Obviously, any dependence anis concentrated in the path near the saddle point:
integral overg:

Z[X]=fDADEDa

W

1, . - VV[G+01]=W[G]+J d4X5—crl(X)

|=fDE”ex fd“x — > Ef+io(ME) | | 8(R°Ej—x). A 6s(X)
A

(42) +f dt RRAXEV[s]oy(RR) + - - . (47)
This is calculated by a shift Ej=Ej{+& where "
E=—idoldx and Eﬁ satisfies the zero Dirichlet-boundary |n the mean-field approximation we may write
condition. Such a derivation gives

B 1 Jo\ 2 . Z[X]=eX[{—W[§]+if dtd)A(q)(), (48)
I=exp{f dt ——f dx(— +ifdx<rx aA
0 2)v ox
SW as(RX)
Jd _ _
X & Rzg—i)(). (43 5§_0’ R? RN (49)

. . . . where the contribution from the first Euler derivative of the
Next, by introducing the path integral representation action£W[s] is precisely canceled with that from the sur-
1 1 face term in Eq(45).

ex;{ _Ef d4sz)=f Dv ex;{f d4x(—§v2+ivB|) , Thus, in the mean-field approximation the dependence
A A Z[ x] is controlled by the saddle point solutian As we
(44) have seen in the previous section, the Abelian gauge theory
possesses only the trivial solutigr= 0.

In Ref. [9] we have studied constant solutions of the
mean-field equations. Let us reproduce those results briefly

and after performing the integrations ow&r andE, (see
Ref.[9] for more details we finally obtain

R here, but in addition carefully keeping a finite volume. For
Z[X]=f Do Dv exp(—W[a,v]Jrif dt dx U)(> simplicity we also restrict ourselves to the gauge group
oA SU(2). First of all, we introduce the notation for the free
X S(R%a" —iy), energy densityFg:
_ 2R5(0
2W[o,v]=1v@v+dr®do+K_@C @K, We= BVeF,  Fam veFr, 7R=87T 55(0), (50
V
+K,@C '@K_+trinC.C_, A Vr

where Vg=47R%3 is the domain volume and5(0)
=(1/4m)Z2,(21 +1) is the ultravioletly divergent angular
ab b abe o ab abe. delta function with coinciding arguments. The functieg is
ViP=6%0,—gt*%c°, D*P=gt*°, (49 now expressed via the dimensionless variables

C.=—A~V{*D, K.=d.v*V,d.0,
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2ms 2m7u)? that in the continuous limit the bare coupling constant van-
7= 5g V=i(ﬁ) : (5))  ishesg—0, thereby making the effective partition function
Z[ x] a very sharply peaked function around the zero argu-
where to produce a real mean magnetic fielas to be ~ment due to its essentially nonperturbative dependenee on
purely imaginary[see Eq.(44)]. After introducing the con-  This property corresponds to teenfinemenphase, in which
trol parametem= (27)*/(2g9?B*yg) and carrying out some color fluxes are equal to zero in every spatial direction at

derivations we obtain infinity. _
So we can conclude that the dependence of the effective
Frlu,s]=—au*+Ug[u,s], (52  free energy ory is the following:
URl U,S]=UR[S]+ VRl U,s], 53 -
Rlu,S]=Ug[s] + Ve[ u,s] (53 I sGe®), T<T..
B Z[x]=4 ” (57)
VR[U,S]Zm 1, T>T..
« % lrLR((”+S)2+UZ)LR((”+S)2_U2) Therefore, the Gibbs average of an observabis given by
=—0o0 I L2 —+ 2 ’
" RUN+S)) (Ao, T<T.,
(54)
. W=\ [acom,, T 69
L] B 2 inl 1 COS 2rS
R[S]_ﬁmﬂ N7 cosim(m+1/2) BIR] )"

(55  Where we have introduced the averages over inequivalent
representations:
whereLr(x) = cosh(2rRyX/B). .
It can be seen that at finite this free energy possesses _ J' _
only a trivial minimum ats=u=0. The situation changes (A)x Z[x] Do Dvex Wio,v]
after taking the thermodynamic limR—«. The resulting
expression for the free energy densigee Ref.[9]) pos- 4 f :
sesses only the trivial stable solutior=s=0 at high tem- ! (mdt dxox|Alo,v]. (59
peratures. However, at some critical temperafiy¢he sys-
tem undergoes a first-order phase transition, below whiclt is straightforward to see that any Gibbs average at low
there appears a deeper nontrivial minimunuats=1/2 (see  temperatures contains the singlet projector of the gGup
Ref.[9]).

i 1
Therefore, at high temperaturds>T_. the dependence (AYo= lim Trle PHRS(QR)A]

Z[ x] is determined by the solution of the linearized equation R_=Zr[0]
5°W/ 55°@ o4 arounds=0. This can only produce a depen-
dence akin to the Abelian theory. Namely, it contains the i 1 .
= lim 5—= Tr(e PHrPA), (60)

delta function expressing the conservation of the global e Zr[0]
charg€ Eq. (3) with p=0], and apart from that it is trivial in
the sense thaZ[ x,,]—1 in the thermodynamic limitR
—oo. This situation, obviously, corresponds to tHecon-
finemeniphase as there is no restriction on the color fluxes
infinity.

However, below the critical temperatufe<T, there is a
nonzero constant solutiolg|=w/gB. Since the system in
invariant under the group of thieig gauge transformations

G.. parametrized by matriced(x), the corresponding unit
color vectors(X) is arbitrary in every directiox. After in-

WhereQR=fVRdx VE is the operator of the color charge in

ayolumev and P is the singlet projector of the big gauge
transformations. The presence of this projector in the Gibbs
averages has been demonstrated to lead to the area law for
the Wilson loop[10,9], which is considered to be a standard
confinement criterion.

V. CONCLUSION

tegration over the orbits of the group &)Y at each cone The Gauss law in gauge field theory may be resolved
the dependence becomes explicitly in a physical gauge. This produces effectively non-
local interactions generating a boundary nontriviality of the

theory.
, We have studied the dependence of the effective partition
(56) function on the Dirichlet boundary conditioRzEH(Ri)

= x(X) imposed on the residual component of the electric
where we have introduced a discretization of the unit spheréeld for electrodynamics with an external charge and 23U
with A being the infinitesimal cone area. It is well knofjd]  gluodynamics. In the Abelian case this dependence always

_— SinA,Bg)(()A()~ _A_’JTZ A oo
Z[X]_l_;[ ABsx(X) exp( 9? LVdXX )
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contains a delta function expressing the conservation of thgegulator, i.e.gVg={X:X;(x) =R=cons}. The field of vec-
total charge, and it is nontrivial only for charge distributionstors normal to the boundary for all possible values Pof
slowly decreasing at spatial infinity. forms a differentiable vector field iR®. We shall denote the

Non-Abelian self-interactions lead to a more unusual efordinary Cartesian coordinatesxaso distinguish them from

fect. Here the restriction of possible boundary values of th@( The local orthonormal frame then can be written as
longitudinal electric field at low temperatures provides the

confinement mechanism proposed by us in Ref. Indeed, @ 1 9x ax; \? 2 8
this quantity is proportional to the flux of the electric field S :h_k X h= 21 Xy , hEiHl h;,
through an infinitesimal cone in the directionat infinity. (A1)

Therefore, since the color flux vanishes for any direction, no
color could escape to infinity and be experimentally ob-whereh, are called the Lameoefficients. Also, to distin-
served. guish the components of vectors in the curvilinear frame we
Finally, let us discuss the status of the mean-field approxishall use the notation with indices in parentheses:
mation involved in the last part of our derivations. In Refs. 1,
[9,10 we have found that the effective action is proportional —a A -2
to Wg~ (Vr/9%B) EoFr, WhereE, is the string tension co- Ao =g a“()_hk Xy (A2)
efficient for the SW2) group. Thus, there is a natural large ) . ]
parameter, which is infrared and ultraviolet divergent, whichThen € defines the field of normal vectors we have just
makes use of the saddle point approximation mathematicali{fitroduced. It is natural to perform th{@+1) decomposition
justifiable. Quite often in statistical mechanics a mean-field®"to the longitudinal and transversalenoted by the Greek
treatment in terms of proper collective variables yields a corcharacterscomponentsi — (1,a), a=2,3, where the corre-
rect qualitative picture of phase transitions, though not necsponding 2D radius vector will be denotedas (X,,Xs).
essarily quantitatively accurate. Gauge theory in a finite domaig acquires especially
To test this in Refs[9,10] we have managed to calculate elegant formulation in a gauge which is consistent with the
the ratio VEo/T., whereT, is the confinement transition shape of the boundary. Namely, we shall require that the
temperature, and this ratio was found to be in fair agreemeritormal component of the gauge field vanish at every point:
with data from lattice simulations. Despite bare cutoffs can-
celing out from some observables such as this one, their
presence in others is an unavoidable limitation of any mean-
field scheme. An account of higher order fluctuations should P=1-ey@ey. (A3)

lead to an effective renormalization of all parameters of therpg gauge condition is natural to name tgeneralized

theory, but it presents a .considerable .computatic_)nall Cha'Fock-Schwinger gaugdts most significant property is that
lenge due to the nonlocality and complicated realization ot,o Gauss laww.E. =0 can be resolved explicitly
Poincareinvariance in the Fock-Schwinger gauge. t ’

However, in our view the current approach presents a hy (X1
sufficiently simple and elegant theoretical scheme, which E(l):_FJ
provides interesting insights into the mystery of confinement
consistent with conventional wisdom. We believe that thegyhressing the longitudinal component of the electric field
main physical picture of the conflnement—deconflnemenghrough the transversal components of the gauge and
transition discussed here should remain valid beyond thgtrength fields:

mean-field approximation. This is something that could be

probed by lattice simulations if good procedures for studying h, h

mean color fluxes at infinity and other relevant observables q)J_EViEJ_i:FV(a)<h_E(a))- (A5)

can be implemented. “

e(l)(X)A(t,X):O, A:AJ_ ’ Al:PA,

xgo)dxi(h%)(xi,x). (A4)

Above the lower integration Iimix(lo) is equal to some con-
ACKNOWLEDGMENTS stant, which should be chosen in the reference point of our
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Dr. V.O. Soloviev, and Dr. Yu.A. Kuznetsov for numerous
fruitful discussions. expressings ;) as

hy

X .
APPENDIX: GENERALIZED FOCK-SCHWINGER GAUGE Guy=-— j;dxi(h V.G, i) (X1, X). (A7)
xl

h
Let Vg be a regular domain iR® topologically equivalent

to a ball with a smooth bounda@Vg. One can choose the Further, one of the components of the Bianchi identity is

curvilinear coordinate systenX in Vi such that on the 1

boundarydVg the flrs_t coordinate is constant and_equal to ViBi=0, Bi=>euFi (A8)

some parametdR, which would play the role of an infrared 2
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which allows us to express the longitudinal magnetic field asThis can be explicitly worked out for the gauge fields:

h - 1
Buy=—1 f (O)dxl(hV B, )(X{,X). (A9) AP(X)=A3(X)P exp( foda[—gtabCRC(a,X)]
; - ; i _ 1
cher components of the Bianchi identigyce,)V;Ex=0 —g~1| dBaRrR¥(B,X)
give 0
1 A abcpc
h ax (h E(a)) V(a (h E(l)) (A]-O) X Pex 0 d’)/[_gt R (’le)] .
A nice property of the Fock-Schwinger gauge is that the (A17)

gauge strength and potentials are related to each other in
simple way. Indeed, from the definition of the gauge strengt
tensor, applying the gauge condition we have

I% applying an additional residual gauge transformation we

an always satisfy the boundary conditigil3), and

uniquely. Really, suppose there exist two distinct gauge

9 fields A’ and A” satisfying Egs.(A3),(A13) and such that

h X, — (hA) =hiF 4 (Al11l) A"#U !A’U, VYU=const. Then there should exist a
gauge transformation between the two:

However, the integral form of this equation, A" (X)=U"LX)[A"(X)—g~La]U(X). (A18)

Xm(h h F(a)(l))(xl,x) (A12) Multiplicatign of this by g, gives (1h;)[dU(X)/dX;]=0,
i.e.,U=U(X). Such transformations form the subgrd@p.

of the residual gauge symmetries in the Fock-Schwinger

auge. In fact, the boundary conditi¢h13) does not permit

such a transformation since in the lin{t—=x° in Eq. (A18)

the gauge fields would have a singularity which is not com-

patible with such a boundary condition. This proves the

_h X(©

breaks the residual gauge transformations symmetry su%
group, whereas choosing the lower integration limits in all

previous integral relations did not violate such a symmetry
Fixing some kind of the boundary condition above, e.g.,

amw(0) 0 B . . i L. L.
choosingX{”=x{ in the reference point so that uniqueness of the gauge field if conditioh13) is imposed.
. _ As a simple example let us consider teliptic coordi-
X|Im0(haA(a))(X)—0, A3 ates 1sX <, —1sX,<1, 0sXz<2m, whereXs
1—>X1

=¢ is the polar angle andX;=(r,+r,)/2a, X,=(r;
r,)/2a. Such a coordinate system is defined by two points
cated at distances a from the reference point along tlze
axis withry, r, being the radius vectors from these points.
The reference point is heng=1, x5=0 and the Lame
coefficients are given by

can be shown to be sufficient for determining a unique gaugieo

field satisfying the gauge condition. Indeed, Fetbe any
gauge field. The transformation to the Fock-Schwinger.
gauge is accomplished by a gauge transformalti¢X):

AX)=U"HAX)—g 1dlU(X), E(X)=U"EX)U(X),

2_y2 2_y2
(A14) hem XX o X Xs
T em YD
which can be found from the equation 1 2
J _ =a(X2—1)(1-X3). (A19)
ho ax V0=9@AOUX).  (AL5) - -
In the limit a=0 the ellipsoid becomes a sphere and the

For the moment we can choose the initial condition simplygauge turns into the standard Fock-Schwinger gauge. For the

9 _ L spherical coordinatesX,;=r, X,=¢, Xz=0 the Lame
asU(X;=0,X)=1. The solution of Eq(A15) is given by the . otficients become very simple:
Dyson P-exponent:

hlzl, hzlesinX3, h3:X1. (AZO)

uX)=p ex;{ fo daR(a,X)), A technically attractive property of this particular gauge is
thate;y do not depend oiX; and the vector normal to the
R(a,X)=gXy(h,61)A)(aXy,X). (A16)  boundary is just equal to the unit radius vectgg,=x.
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