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Conformations of isolated homo-dendrimers ofG51–7 generations withD51–6 spacers have
been studied in the good and poor solvents, as well as across the coil-to-globule transition, by means
of a version of the Gaussian self-consistent method and Monte Carlo simulation in continuous space
based on the same coarse-grained model. The latter includes harmonic springs between connected
monomers and the pair-wise Lennard-Jones potential with a hard core repulsion. The scaling law for
the dendrimer size, the degrees of bond stretching and steric congestion, as well as the radial density,
static structure factor, and asphericity have been analyzed. It is also confirmed that while smaller
dendrimers have a dense core, larger ones develop a hollow domain at some separation from the
center. © 2002 American Institute of Physics.@DOI: 10.1063/1.1514571#
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I. INTRODUCTION

Dendrimers represent a class of well defined hyp
branched macromolecules1 which can be synthesized via
sequence of carefully controlled repetitive reactions prod
ing regular structures.2 There are high aspirations3,4 of chem-
ists and physicists regarding applications of such novel p
mers as advanced materials for medicinal5 uses, superior
catalysts,6,7 and drug delivery vehicles,8 to mention just a
few. Importantly for such applications, dendrimers are qu
flexible molecules, which have a well accessible interior p
as well as a large exterior surface. Furthermore, dendrim
can controllably change their size and density distribut
under the influence of external conditions. Some of the
tential applications of dendrimers moreover require a holl
interior, which could be used for accommodating gu
molecules.9 In addition, spacers, charges, and distinct typ
of monomer units should allow one to further fine tune t
particular behavior of dendrimers.

Although the ideal model of dendrimers with the ha
monic springs or random walks can be solved analyticall10

such results are of a limited value since the excluded volu
interactions are of paramount importance for dendrimer11

However, including these in order to describe the range
the coil-to-globule transition in sufficient detail is a consi
erable challenge even for the homo-dendrimer. This prob
has attracted a number of researchers yielding a signifi
body of theoretical and computational work in recent yea
with some experimental results12 available to assist them.

a!Corresponding author. Web: http://darkstar.ucd.ie; electronic m
Edward.Timoshenko@ucd.ie
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De Gennes and Hervet13 have performed a seminal ca
culation using a version of the Edwards’ self-consistent fi
method upon an assumption that an onion-like layered
tribution of the dendrimer generations applies. They ha
predicted a density minimum at the core of the dendrim
and the scaling law for the radius of gyration,R g;N1/5,
where N is the total number of monomers, both of whic
henceforth have been debated. Later on Boris a
Rubinstein14 have proposed a more complicated se
consistent mean-field and related Flory-type theories. T
have found that the density is monotonically decreasing w
a maximum at the core. However, such a theory does
contain spatial correlations and thus may have consider
limitations in predicting the internal structure of dendrime

A version of the Gaussian variational theory,15 which
relies on a somewhat problematic16 virial representation of
the excluded volume interactions,17,18 has been used by Ga
nazzoliet al. for describing the size, shape and intrinsic v
cosity of dendrimers in a good solvent.19 Based on this ap-
proach the dynamic properties such as the relaxation ti
spectrum, dynamic structure factor and the viscoela
moduli,20 as well as the inter-chain theta-temperature21 have
been also investigated. Unfortunately, constraints of the
merical procedure employed limited such studies to dendr
ers withD51,2 spacers only.

A number of simulation studies using either molecu
dynamics ~MD! or Monte Carlo ~MC!, both on and off-
lattice, whether atomistically detailed or coarse-grain
have been also performed. Nayloret al.22 have discussed the
MD simulation of PAMAM @poly~amido-amine!# dendrim-
ers. This study, albeit generally interesting, could cove
timescale of hundreds of picoseconds only. Later Lesca

l:
0 © 2002 American Institute of Physics
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and Muthukumar23 have proposed a kinetic growth model
a three-dimensional~3-D! off-lattice MC. They have re-
ported the highest density at the core and have also fo
that the terminal monomers can traverse the dendrimer. T
approach, however, was in essence a nonequilibrium on
sufficient equilibration was not been allowed. This may e
plain a rather small reported value of the swelling expon
n.0.22 in the proposed scaling lawR g;Nn D1/2 for the
good solvent. Next, Mansfield and Klushin24 have performed
a MC simulation on a diamond lattice withD57 spacers
modeled as self-avoiding walks. Their paper has manage
overcome some of the previous limitations and it contain
some important insights. Nevertheless, theD dependence ha
not been investigated there. Furthermore, a possibility of
tice artefacts for the restricted branch points may raise s
doubt in the more refined features of their predictions. Ch
and Cui25 have performed off-lattice MC simulations for
good solvent in a model with freely rotating bonds. Th
have also attempted to fit the radius of gyration asRg

;Dn 2(2n21)G G12n, i.e., in terms of bothD and the num-
ber of generationsG. While the value ofn has been related
to the inverse fractal dimension of the open/ring chain, j
as in Ref. 26 containing the renormalization group calcu
tion by Biswas and Cherayil, the meaning of th
G-dependent part of the scaling law lacked such clarity.

Further MD simulation by Murat and Grest27 has relied
on a coarse-grained model with the Lennard-Jones n
bonded and the FENE bonded interactions employing
white noise for the solvent and temperature effects. T
simulation involved sufficient equilibration times and h
yielded a number of interesting results. For instance, the d
drimer size at a fixed number of spacersD in a good solvent
was found to scale asRg;Nn with the value of the exponen
n surprisingly close to 1/3. Interestingly, the indication abo
a hollow domain inside the dendrimer, which has been fi
noted in Ref. 24, has been reiterated and further elabor
by performing the partial densities analysis over generatio
These authors have also looked at the dendrimer contrac
on changing the solvent quality from good to poor. Th
have concluded that the lawR g;N1/3 ~at fixed D) applies
for the more compact globular dendrimer, which seemed
sonable from the point of view of the space filling argume

Despite this considerable progress, understanding of
homo-dendrimers is not as yet fully satisfactory. First, a r
sonably large span of spacer and generation numbers u
variable solvent conditions has until now been hard to stu
Second, it was difficult to achieve both a reliable equilib
tion and a good averaging statistics afterwards at the leve
affordable computational times. Clearly though, these
quirements must be met at the same time in order to be
to extract reliable scaling predictions and to make firm c
clusions on the intricacies of the internal structure of d
drimers. Moreover, not only the good, but the theta- and p
solvents, as well as the thermodynamics of the coil-
globule, are of interest. Perhaps, particular deficiencies of
techniques employed, an insufficient accuracy, and a lim
range of systems may explain some of the discrepan
which remained between the results of different approac
Downloaded 03 Nov 2003 to 137.43.12.121. Redistribution subject to A
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Therefore, we believe that it would be important to revi
the problem.

Here we shall try to re-examine the fundamentals of d
drimers in a broader context of their overall conformation
behavior as a function of the solvent quality. On the o
hand, this may help to resolve some of the remaining c
troversy in the concrete predictions. On the other hand
may shed some new light on the problem thanks to study
the observables which hitherto have not been investiga
and to performing a type of analysis which is more nov
Last but not least, one may hope to improve the statistics
to study a broader range of dendrimers by using a well
timized MC code28–30 on faster modern computers.31

Our recent progress32 on extending the Gaussian sel
consistent~GSC! method may offer some advantages a
permit comparisons to be made with the simulation data. T
improved technique avoids the use of a virial expansion,
instead operates directly with a given Hamiltonian involvi
any pair-wise bonded and nonbonded interactions, just a
direct simulations. Reference 32 deals with all the techn
details and it contains a comprehensive comparison with
MC data performed for open, ring and star homopolym
with variable flexibility in good and poor solvents. Th
method appears to be relatively accurate for a numbe
observables and its limitations are well understood. Beca
the new GSC technique is computationally very fast a
since it directly yields the equilibrium averages for the o
servables of interest, it will allow us to consider a larg
range of system sizes and a broader region of solvent co
tions than with the equivalent MC simulation.

II. MODEL AND NOTATIONS

The current coarse-grained homo-dendrimer mode
based on the following Hamiltonian ~energy
functional!29,30,33in terms of the monomer coordinates,X i :

H

kBT
5

1

2,2 (
i; j

k i j ~X i2X j !
21

1

2 (
i j , iÞ j

U ( l j )~ uX i2X j u!.

~1!

Here the first term represents the connectivity of the d
drimer with harmonic springs of strengthk i j introduced be-
tween any pair of connected monomers~which is denoted by
i; j ). The second term represents pair-wise nonbonded,
cifically van der Waals interactions between monomers.
shall adopt the Lennard-Jones form of the potential,

U ( l j )~r !5H 1`, r ,d(0),

U (0)S S d(0)

r D 12

2S d(0)

r D 6D , r .d(0),
~2!

with a hard core part and the monomer diameterd(0), where
U (0) is the dimensionless strength of the interaction.

It is important to introduce convenient notations. Let
consider a dendrimer ofG generations, each of which con
sists ofD spacers, with anF0 functional core~corresponding
to the generationg521) and theF functional other branch
points~see Fig. 1!. Thus, ifD5a andG5b we shall briefly
denote such a dendrimer as DaGb as in Refs. 19, 20. T
the total number of monomers will be
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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N511F0D
~F21!G1121

F22
. ~3!

Note that below we shall consider results for a particu
example of tri-functional branchingF5F053. It is conve-
nient to represent monomer indices via triadsi 5(g,d,wg),
where g50,1,...,G is the generation index,d50,1,...,D
21 is the spacer index andwg50,1,...,F0(F21)g21 is the
angular in-generation index. It is also useful to define
shell radial index viar5Dg1d11, and hence instead of th
triad, one can use the ‘‘polar coordinates’’ index notationi
5(r,wg). Both of these will be used interchangeably hen
forth.

III. TECHNIQUES

A. Monte Carlo technique

We use the Monte Carlo~MC! technique with the stan
dard Metropolis algorithm34 and local monomer moves
based upon the implementation described by us in Refs
and 30. The position of a randomly picked monomer in
spherical coordinates is displaced byDr 5dr 1 , Du5pu1 ,
Df52pf1 where (r 1 ,u1 ,f1) is a triple of independen
standard uniform deviates andd is an additional parameter o
the MC scheme characterizing the timescale involved in
Monte Carlo sweep ~MCS!, the latter being defined
as N attempted MC steps. The Metropolis chec
DE<2kBT ln r1, wherer 1 is yet another standard uniform
deviate, is then used as a criterion for accepting trial n
conformations. As a result, the ensemble of independent
tial conformations would converge to the Gibbs equilibriu

FIG. 1. Schematic connectivity diagram of the dendrimer D2G3. H
dashed circles denote different generations, big filled circles correspon
the branch points and the triangle is the core monomer. Notations for
indicesd,r,w and for some selected monomers, which are numbered in
clock-wise and outwards manner, are also introduced.
Downloaded 03 Nov 2003 to 137.43.12.121. Redistribution subject to A
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distribution with an increasing number of sweeps. Init
conformations of dendrimers were taken as planar and ra
overstretched ones~akin to the schematic representation
Fig. 1!, but then they were subjected to extensive equilib
tion for a required time before any simulation was co
menced.

To ensure good equilibration, the behavior of global o
servables such as the energy and radius of gyration
monitored. Upon reaching equilibrium these cease to hav
global drift and start exhibiting characteristic fluctuating b
havior around well defined mean values. Then, depending
the dendrimer size, aboutQ523104 of statistical measure
ments have been performed, typically separated by ab
40N2 of attempted Monte Carlo steps to ensure statist
independence of sampling. The mean value and error of s
pling of an observableA are then given by the mean̂A&
5(1/Q)(g

QAg and by6A(DA)2/Q, respectively.

B. The Gaussian self-consistent method

The main objects in the GSC method are the me
squared distances between monomers,

Di j ~ t ![
1

3
^~X i~ t !2X j~ t !!2&. ~4!

The GSC method is based on replacing the stochastic
semble forX i with the exact Hamiltonian in the Langevi
equation of motion onto the trial ensembleX i

(0)(t) with a
trial HamiltonianH (0)(t), which is a generic quadratic form
with matrix coefficients called the time-dependent effect
potentials,

H (0)@X~ t !#5
1

2 (
i j

Vi j ~ t !X i~ t !X j~ t !. ~5!

Then one requires that the inter-monomer correlations sa
the condition

^X i~ t !X j~ t !&05^X i
(0)~ t !X j

(0)~ t !&0 , ~6!

which means that the trial ensemble well approximates
exact one. This yields the self-consistent equations,29 which
in the absence of the hydrodynamic interactions are

zb

2

d

dt
Di j ~ t !52

2

3 (
k

„Dik~ t !2Djk~ t !…

3S ]A@D~ t !#

]Dik~ t !
2

]A@D~ t !#

]Djk~ t ! D . ~7!

Here zb is the friction coefficient of a monomer and th
instantaneous free energy has the same functional expre
via the instantaneousDi j (t) as it has at equilibrium.

The expression for the free energy,A[E (tot)2TS has
been given in Ref. 32. We would not like to reproduce th
expression here as it is somewhat cumbersome. Howeve
should be mentioned that the total mean energy includes
energy of the bonded and nonbonded interactionsE as well
as the hard-core contribution as follows:E (tot)5E1A (hs).
The second term is given by the generalized Carnah
Starling term:32,35

e
to
e
e
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A (hs)

kBT
5(

i

h i~423h i !

~12h i !
2 , h i5(

j Þ i
F (h)FAD i j

d(0) G , ~8!

F (h)@y#5

y erfS 1

y&
D 2A2/p expS 2

1

2y2D
8y

, ~9!

whereh i is known as the packing coefficient of the monom
i , which would have an important role below.

The stationary limit of the GSC, Eqs.~7!, produces the
equations for the minimum of the free energy, which are
same as those derived from the Gibbs-Bogoliubov va
tional principle. Although here we shall only be concern
with the equilibrium, the numerical solution of Eq.~7!, ap-
plied until the stationary limit is reached, presents one of
most efficient techniques for finding the global free ene
minimum. This, based on the fifth order adaptive s
Runge-Kutta integrator,16 is used for obtaining the result
from the GSC technique.

It is also important to map out all equivalent pairs of t
matrix Di j , which is discussed in Appendix A based on t
concept of the topological tree, so that onlyCind

(2)5(G11)
3(D/2)(D„G2/31(13/6)G12…121G/2) independent ele-
ments out of totalCtot5N(N21)/2 remain in it due to the
kinematic symmetries of the dendrimer. It is interesting
remark, more generally, that exactly the same symmet
will exist for a hetero-dendrimer as long as the monomer
each shell indexr are identical to each other.

The kinematic symmetries for the matrixDi j also yield
analogous symmetries for the matrixVi j . Thus, the compu-
tational expenses per step in our calculations are of o
tc;NCind

(2) , whereCind
(2);D2G3/6 is the total number of in-

dependent elements in theDi j matrix @see Eq.~A1!#. These
symmetries significantly reduce the computational tim
compared to the equivalent system in the MC method, wh
such symmetries only appear in the observables after a
aging over the statistical ensemble. For comparison,
computational expenses per step in MC are of ordertc

;N DtS, whereDt;N2 is the number of MC steps neede
to ensure good statistical independence between mea
ments, andS is the number of measurements needed for
sampling of observables. Typical values ofS should be of
order of 1042105 for good accuracy.30 For example, for
D3G5 dendrimer~consisting ofN5568 units! in the good
solvent,U (0)51, the GSC method takes about 22 minute31

to reach equilibrium and produce its data, whereas the
manages to make only 100 measurements of observable
hour after required equilibration. Thus, the GSC is about3

times faster than the MC for producing the same results h

IV. RESULTS

We shall restrict ourselves to springs of equal streng
k i j 51, and choose the hard sphere diameter equal to
statistical length,d(0)5,, in Eq.~1! as in Ref. 30. Moreover
henceforth we shall use the mean energyE expressed in units
of kBT and the mean-squared distancesDi j and mean-
squared radius of gyration, 3R g

2 , expressed in units of,2.
Downloaded 03 Nov 2003 to 137.43.12.121. Redistribution subject to A
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In our figures below we shall present data from M
simulation via thick lines and empty circles, whereas d
from GSC theory via thin lines and small filled circles.
this work we have analyzed the following dendrimer siz
G51–7 for D51–3 andG51 – 6 for D54– 6.

A. Good solvent

We shall start by examining the dendrimer overall s
and structure in the good athermal solvent,U (0)50.

The mean-squared radii of gyration 3R g
2 of dendrimers

with a varying number of spacersD versus the number o
generationsG are depicted in Fig. 2. Clearly, 3R g

2 increases
with both D andG, but in a rather different manner, whic
will be discussed in full detail below in Sec. IV C. Corre
sponding MC and GSC curves follow each other qu
closely, but the GSC theory increasingly overestimates
dendrimer size with increasingD andG, in a manner similar
to our discussion in Ref. 32.

As G increases, dendrimers become more spheri
which is illustrated via the average normalized ‘‘axes of
ertia’’ l (a) defined by Eqs.~9!, ~10! in Ref. 30. These con-
verge towards a perfect sphere limit,l (a)51/3, asG grows
in Fig. 3. Interestingly, these quantities seem to be practic
independent of the number of spacersD, which is illustrated
by using circles (D54) and lines (D52) in the figure.

Typical snapshots of dendrimers D3G3 and D3G7
Figs. 4 from MC simulation do confirm the observation th
dendrimers become more spherical asG increases. Gener
ally, a fairly large dendrimer tends to fill in the availab
space quite effectively and relatively uniformly, althoug
some local dilutions and accumulations remain. The size
the dendrimer is well defined with very few branches o
stretching beyond it.

The shape of the static structure factor~SSF! in the
Kratky representation in Fig. 5 for smallG is reminiscent of
that of a ring, or a star with few arms~see Figs. 9, 10 in Ref
30!, but tends more to that of a globule with an increasi

FIG. 2. Plots of the mean-squared radius of gyration 3R g
2 vs the number of

generationsG for the dendrimers in the good solvent (U (0)50) from the
GSC theory~filled circles and thin lines! and from the MC simulation
~empty circles and thick lines!. The curves~from bottom to top! correspond
to the following values:D51 ~GSC!, 2 ~MC!, 2 ~GSC!, 4 ~MC!, 4 ~GSC!,
6 ~GSC!. The largest relative statistical error,dRg

25DRg
2/Rg

2
•100%, in this

plot occurs for the D2G7 dendrimer and equals 0.1%.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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number of generations. Even though the tail of the plot s
increases withp̂, it develops a characteristic oscillating b
havior. This is consistent with the trends inl (a) above, par-
ticularly so since theD-dependence is almost unnoticeable
Ŝ as well.

The total and partial densities,

gg
(1)~r ![(

i Pg
^d~r i2r cm2r !&,

~10!

4pE
0

`

r 2drgg
(1)~r !5Ng5F0D~F21!g,

of the dendrimers in Fig. 6 allow one to understand
monomer distributions in more detail. In a relatively small-G
dendrimer @Fig. 6~a!# the total density monotonically de
creases with the separation from the center-of-massr cm. The
highest density at the origin also occurs for the partial d
sity of inner generations, and it follows a similar patte
Remarkably, the terminal generation density is rather de
calized spreading evenly from the outer boundary towa
the very center of the dendrimer. This can only be ration
ized by allowing a possibility of the ends re-entering t
dendrimer and reaching far inside, although the density
the terminal generation exceeds that of the others some
near the very edge of the dendrimer.

These features are further complicated for dendrimer
a greater number of generations, typically forG.5, at least
in the considered cases ofD52,4. While the behavior of the
terminal generation density remains very similar in Fig. 6~b!,
the density of nonterminal generations, and hence the t
density, develop a well noticeable dip at a certain separat
This indicates that larger-G dendrimers have the lowest de
sity domain fairly close to the center, but not at the cen
itself, which always has the highest density of all. We m
note here also that while the core monomer coordinate d
differ from that of the center-of-mass somewhat, they
quite close to each other in a large-G dendrimer. Thus, this

FIG. 3. Plots of the mean ratios of the eigenvalues of the shape tensorl (a)

versus the number of generationsG for the dendrimers in the good solven
(U (0)50) from MC simulation. Solid curves correspond toD52 and empty
circles to D54. The largest relative statistical errors,dl (a)5Dl (a)/l (a)

•100%, in this plot occur for the D2G7 dendrimer and are equal to:dl (1)

50.15%,dl (2)50.2% anddl (3)50.3%.
Downloaded 03 Nov 2003 to 137.43.12.121. Redistribution subject to A
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most hollow domain is not located where the core monom
is and its separation from the core steadily increases withG.
Clearly, from Fig. 6~b! one can see that the increase of t
total density at the origin comes entirely from the density
the innermost generations. However, the core domain is a
most dense in a small-G dendrimer and it becomes les
dense for larger dendrimers~in terms of bothG andD actu-
ally! as can be seen by comparing the values ofg(1)(r 50) in
Figs. 6~a! and 6~b!. This ‘‘entropic pull’’ effect is due to an
increased entropy thanks to extra branches attached
larger dendrimer, leading to a higher stretching of the spri
near the core with largerG.

Indeed, in Figs. 7, 8, 9, we depict the mean-squa
distances between nearest neighbors along a branch v
the shell indexr. This is perhaps the best way to character

FIG. 4. Typical snapshots of conformations of the dendrimers D3G3~a! and
D3G7 ~b! in the good solvent from a MC simulation. The core monomer
represented as a sphere of the monomer real diameterd(0)5 l in both figures.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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9055J. Chem. Phys., Vol. 117, No. 19, 15 November 2002 Conformations of dendrimers in dilute solution
such stretching. While the main bodies of Figs. 7, 8 pres
the data from MC simulation, the insets exhibit the sa
results obtained from the GSC theory. Clearly, the conc
numbers forD(r21,0)(r,0) are somewhat overestimated by t
GSC theory compared to the MC data,32 especially for small
r in relatively large-G dendrimers. Nevertheless, the partic
lar patterns and overall shapes of the MC and GSC plots
rather similar.

As can be seen from Fig. 7, for small dendrime
D2G1-3, the spring from the core to the first monomer
stretched most, from the first to the second one is less, an
on, with the functionD(r21,0)(r,0) decreasing monotonically
However, for dendrimers withG.3 the function develops a
characteristic descending step-like behavior: the sp
stretching within the same generation is about the same
it has a dramatic drop when passing the branch point to
next generation. In all cases though, the bonds coming f
the core are stretched most, with this feature becoming st
ger for largerG, whereas the terminal bonds are the le
stretched of all, with their length being near
G-independent. The step-like behavior can be easily in
preted by remarking that the number of springs double
any branch point. Hence the total unfavorable energy cha
due to a given magnitude of bonds stretching would be m
significant near the edges than closer to the core. Note
that the step-like dependence vanishes for the terminal
eration.

Plots in Fig. 8 forD54 spacers show that the stretchin
near the core increases significantly withG here as well. One
can also see that the intra-generational steps develop a
monotonic behavior. Bonds within a nonterminal generat
first become shorter with increasing indexd until aboutD/2,
then grow longer again when approaching the next bra
point. This U-pattern occurs because there is more steric
gestion near the branch points than in the middle of gen
tions. The terminal generation is the least stretched her
for D52 and it has a similar monotonically diving behavi

FIG. 5. Kratky plots of the rescaled static structure factorŜ
5p23R g

2S(p)/N vs the rescaled wave numberp̂5pA3R g
2 for dendrimers

in the good solvent (U (0)50) from MC simulation. Here the solid line
corresponds to D1G5, the long-dashed curve—to D1G6 and the s
dashed curve—to D2G5 dendrimer. The largest relative statistical erro
this plot occur for the D2G5 dendrimer and are equal tod p̂50.1% and

dŜ<0.3%.
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ending up at aG-independent stretching value. Similar plo
for dendrimers withD56 spacers in Fig. 9 obtained from
the GSC theory show the U-pattern becomes more p
nounced asD increases.

Finally, to address the issue of steric congestion we s
analyze the behavior of the monomer packing coefficienth i

defined by Eqs.~8!, ~9!. This quantity shows the volume
fraction occupied by all other monomers around a giv
monomer numberi , with the limit h i→1 corresponding to
the fully packed situation according to Eq.~8!.

In Figs. 10, 11 the packing coefficients versus the sh
index r along a branch are shown for different dendrime
with G56 andD53, respectively. For the former case it
convenient to normalize the horizontal axis asr/D so that
branch points occur at integer values 0,...,G with G11 cor-
responding to the terminus. In Fig. 10 different curves c
respond to different numbers of spacersD. The curve for

rt-
in

FIG. 6. Plots of the monomer densitiesgg
(1) vs the separation from the

center-of-massr cm for the dendrimers D2G4~a! and D2G6~b! in the good
solvent (U (0)50) from MC simulation. Insets of figures show the monom
densities of the same dendrimers in the poor solvent (U (0)56). Curves
from top to bottom as on the left-hand side correspond to the follow
densities. In the main bodies of figures: the total density(ggg

(1) ~solid line!,
density of nonterminal generations(g,Ggg

(1) ~dashed line!, density of the
innermost generationsg21

(1)1g0
(1) ~thin solid line with quadrangles!, density

of the terminal generationgG
(1) ~dotted line! and density of the penultimate

generationgG21
(1) ~thin line with triangles!; in insets of figures: the total

density (ggg
(1) ~solid line!, density of nonterminal generations(g,Ggg

(1)

~dashed line!, density of the terminal generationgG
(1) ~dotted line!. Error bars

represent statistical errors of the data from MC simulation.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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D51 gives a general outline ofhr behavior. The packing
coefficient, and hence congestion, first increases, reach
maximum and then rapidly decreases towards the term
which are less crowded than the core domain. A larger nu
ber of spacersD leads to an U-pattern behavior forg,G
and a rapid dive for the terminal generation, similar to o
discussion of Fig. 9. Again, the middle of generations, wh
hr has smooth minima, has a lower steric congestion si
the monomers have only two nearest neighbors along
chain there compared to three for branch points, wherehr

has sharp maxima. As for the terminus, it has a single nea
chain neighbor only, resulting in a pronounced minimu
of hr .

In Fig. 11 we likewise present the packing coefficien
for dendrimers with an increasing number of generationsG
and the fixed number of spacersD53. The general behavio
of hr is similar here. For smallG,5 the functionhr oscil-

FIG. 7. Plots of the mean-squared distancesD (r21,0)(r,0) between radial
nearest neighbors vs the shell indexr from MC simulation~the main body
of the figure! and from the GSC theory~inset of the figure! for dendrimers
with D52 spacers in the good solvent (U (0)50). The curves correspond t
G51,2,3,4,5,6,7~from bottom to top!. Error bars represent statistical erro
of the data from MC simulation.

FIG. 8. Plots of the mean-squared distancesD (r21,0)(r,0) vs the shell indexr
from MC simulation~the main body of the figure! and from the GSC theory
~inset of the figure! for dendrimers withD54 spacers in the good solven
(U (0)50). The curves correspond toG51,2,3,4,5,6~from bottom to top!.
Error bars represent statistical errors of the data from MC simulation.
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lates around a constant, dropping down dramatically on
terminal generation. However, in larger dendrimers,G>5,
the functionhr starts from much lower values for smallr
and then increases overall up to penultimate generati
dropping down for the terminalg. Such behavior is consis
tent with a lower density domain near the core seen via
spatial density distribution in Fig. 6~b!. For the D3G7 den-
drimer, the lowest packing coefficient value occurs at arou
the middle of theg50 generation@monomers 1, 2, 3 in
diagram Fig. 1, which are buried deep inside the dendrim
as in Fig. 4~b!#. Note also that here we havehD(G11).h0 ,
indicating the onset of overcrowding in the terminal gene
tion, which would become very severe for largerG. Overall,
the packing coefficient typically changes nearly twice in
value for relatively largeD andG56, whereas the range o
change inhr increases further with increasingG.

Limited simulations with a smaller monomer diamet
d(0)50.3 , have been also performed and similar resu
have been obtained. Dendrimers with such reduced re

FIG. 9. Plots of the mean-squared distancesD (r21,0)(r,0) vs the shell indexr
from the GSC theory for dendrimers withD56 spacers in the good solven
(U (0)50). The curves correspond toG51,2,3,4,5,6~from bottom to top!.

FIG. 10. Plots of the packing coefficienthr defined by Eqs.~8!, ~9! vs the
rescaled shell indexr/D for dendrimers consisting ofG56 generations in
the good solvent (U (0)50) from the GSC theory. The curves correspond
the following values ofD51,2,3,4,6~from top to bottom!.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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9057J. Chem. Phys., Vol. 117, No. 19, 15 November 2002 Conformations of dendrimers in dilute solution
sions are more compact and, clearly, asd(0) is decreased
further they change in a cross-over manner towards the
havior of the ideal dendrimers.

B. Coil-to-globule transition and poor solvent

Now we shall bring our attention to the coil-to-globu
transition. Upon increasing Lennard-Jones attractionU (0) the
dendrimer contracts and the mean-squared radius of gyra
decreases as shown in Fig. 12~a!. The magnitude of this
change is quite significant, being over 20 times for D6
dendrimer. As our plot is drawn in a single logarithmic sca
one can see that the region of maximal relative change in
value of 3R g

2 occurs at aroundU (0).2.5, with the change
being more pronounced in larger dendrimers. Clearly, fr
this plot and from Fig. 12~b!, which depicts the derivative o
the specific mean energy, one can conclude that the trans
is continuous~second-order-like!.

The quantity d(E/N)/dU(0) changes from one
asymptotic behavior at smallU (0) to another at large argu
ments, reaching eventually a constant value correspondin
the maximal packing. The maximal change in this quan
occurs atUE8

(0).2.5, which may be viewed as a reasona
practical definition of the transition point.32 As the transition
is continuous it has a finite width and hence any such d
nition is somewhat arbitrary. However, asN increases the
transition narrows and becomes sharper. It would be eas
consider the point of vanishing of the nonbonded part of
second virial coefficient~binary integral!, uLJ

(2)[(1/2)*dr (1
2exp„2U ( l j )(ur u)…), which occurs at aboutULJ

(0).1.386.
Unfortunately, such a definition of the theta-point is una
ceptable as it produces a result which does not depend o
polymer connectivity or size. Instead, one has to consider
total u(2) with the full account of the bonded and nonbond
interactions. This, however, is technically quite complica
as the Mayer-Ursell expansion is not easy to apply to d
drimers with both types of interactions involved. Thus, w

FIG. 11. Plots of the packing coefficienthr vs the shell indexr for den-
drimers withD53 spacers in the good solvent (U (0)50) from the GSC
theory. The curves correspond to the following values ofG: G51 ~dotted
line!, G53 ~short-dashed line!, G55 ~long-dashed line!, andG57 ~solid
line!.
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shall useUE8
(0) as a convenient numerical definition of a poi

which becomes close to the exact theta-point for sufficien
largeN.

In Table I we report the values ofUE8
(0) for dendrimers

with variedD andG. Clearly, either an increased number
generations or spacers, and hence increasedN, would lead to
a lower value ofUE8

(0) ~larger temperatureTE8) of the transi-
tion. Indeed, the pointUE8

(0) corresponds to the compensatio
of the positive conformational entropyS (Gau) with the nega-
tive two-bodyE ( l j ) energy growing asN2 and much faster
thanS (Gau) in N, so that smallerUE8

(0) would suffice for the
compensation. More nontrivially though, if we compare, f
example, D3G6 and D6G5 dendrimers, both having ab
the sameN, the largerD system would have a lowerUE8

(0)

~larger temperatureTE8).
For linear or ring polymers one can alternatively defi

the theta-point of the current model by finding a value
U (0) at which the radius of gyration of the system match
that of the corresponding ideal system (d(0)50). In Table I
such valuesUR

(0) are presented in parentheses. Clea
though, this definition is inappropriate for dendrimers asUR

(0)

shifts deep into the globular area for dendrimers with su
ciently largeG.

FIG. 12. Plots of the mean-squared radius of gyration 3R g
2 ~a! and the

specific energy slopeN21dE/dU(0) ~b! vs the degree of Lennard-Jones a
traction U (0) across the coil-to-globule transition from the GSC theory f
dendrimers withG55 generations andD51,2,3,4,6~from bottom to top as
on the left-hand side!.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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TABLE I. Values of the pair–wise interaction parameter at the coil-to-globule transition pointUE8
(0) and at the

special pointUR
(0) in parentheses vsD andG. The former has been determined by a quadratic interpolatio

the maxima positions of2d2E/dU(0)2. The latter has been determined by the condition,R g
2(UR

(0))5R g
2

~ideal!.

G51 G52 G53 G54 G55 G56

D51 4.86~4.28! 3.87 ~3.81! 3.27 ~3.75! 2.97 ~4.02! 2.75 ~4.78! 2.54 ~6.97!
D52 4.05~3.50! 3.24 ~3.20! 2.87 ~3.17! 2.70 ~3.33! 2.61 ~3.77! 2.50 ~4.90!
D53 3.56~3.17! 2.96 ~2.95! 2.68 ~2.92! 2.55 ~3.03! 2.48 ~3.36! 2.43 ~4.14!
D54 3.29~2.99! 2.80 ~2.79! 2.57 ~2.77! 2.45 ~2.87! 2.39 ~3.13! 2.36 ~3.74!
D55 3.11~2.86! 2.69 ~2.70! 2.49 ~2.67! 2.39 ~2.75! 2.35 ~2.98! —
D56 2.98~2.77! 2.61 ~2.62! 2.43 ~2.60! 2.35 ~2.68! 2.31 ~2.87! —
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The region beyondUE8
(0) corresponds to a globular con

formation of the dendrimers, to a discussion of which
shall now turn. In Fig. 13 we display the mean-squared ra
of gyration for dendrimers with a different number of spac
D versus the number of generationsG. The solid lines cor-
respond to the globule withU (0)57, that is, well beyond the
transition region, whereas the dashed lines correspon
similar ideal dendrimers (d(0)50 andU (0)50). These grow
with D at a fixedG, and vice versa in both cases. Intere
ingly, while the globule is more compact than the cor
sponding ideal dendrimer at relatively smallG; for D1G
.6 this trend reverses. This is due to a significant role of
repulsive part of the nonbonded potential in dendrimers w
excluded volume interactions and it shows a limited r
evance of the model of ideal dendrimers when applied to
coil-to-globule transition. In fact, the scaling behavior at t
transition point differs from that of the ideal dendrimer u
like in the simpler cases of open or ring polymers. Su
issues will be examined by us further in Sec. IV C.

Next, we shall compare the mean-squared distances
tween nearest neighbors along a branch versus the she
dexr for the globule in Fig. 14 to that in the good solvent
Fig. 9. The functionD(r21,0)(r,0) here has a similar U-patter
inside each generation, a dive at the terminal generation,
it increases asG is increased, just as before. However, t

FIG. 13. Plots of the mean-squared radius of gyration 3R g
2 vs the number

of generationsG for the dendrimers in the poor solvent,U (0)57, from the
GSC theory~filled circles and solid lines! and for the ideal dendrimers
d(0)50 ~filled quadrangles and dashed lines!. The curves correspond to th
following values ofD for each of the two families:D51,2,3,4,5,6~from
bottom to top!.
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descending stairway behavior seen for the good solvent i
longer present now even for largeG, and the function oscil-
lates around a constant value. Thus, the bond stretching
the core is reduced, and apart from the intra-generatio
variation and the special role of the termini, the globu
dendrimers are fairly evenly stretched as well as have u
form density@see the inset in Fig. 6~a!#. Note also that the
maxima occur at pairs of subsequent chain indicesr. This
means that the mean-squared distances from the pre-br
monomer to the branch point are almost the same as from
branch point to the post-branch one, which indicates simi
ity in overall bond stretching with increasingr and hence an
approximate equivalence of all branch points in the globu
Therefore, the connectivity structure of the dendrimer is l
significant and more locally manifested in the globular sta

Similar conclusions can be made also from the behav
of the monomer packing coefficient for globular dendrime
in Fig. 15. Again,hr only depends periodically on the spac
index d, being nearly identical for all generations but th
terminal one. The peaks occur at the branch points and
termini have the lowest packing coefficient of all just as f
the good solvent in Fig. 11. Note, however, that the act
magnitudes ofhr are much larger for the globule than for th
good solvent and approach 1/2. Moreover, the mean valu
hr in the globule steadily increases withN and there is no
hollow domain in the globular conformation even forG

FIG. 14. Plots of the mean-squared distancesD (r21,0)(r,0) vs the shell index
r from the GSC theory for dendrimers withD56 spacers in the poor sol
vent (U (0)57). The curves correspond toG51,2,3,4,5,6~from bottom to
top!.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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9059J. Chem. Phys., Vol. 117, No. 19, 15 November 2002 Conformations of dendrimers in dilute solution
.5. Indeed, the total densityg(1)(r ) of a globule dendrimer
shown in the insets of Figs. 6~a!, 6~b! is practically uniform
and rather localized within the size of the globule, thus h
ing higher values than for the good solvent. Remarkably,
terminal generations still can traverse the dendrimer eve
such a dense state.

C. Scaling relations

First, one can fit the mean-squared radii of gyration a
fixed number of generationsG in terms ofN expressed viaD
by Eq. ~3! as

Good solvent: A3R g
25aGNnG, ~11!

Theta-solvent: A3R g
25aGNvG, ~12!

Poor solvent: A3R g
25AGNyG. ~13!

The values of the exponentnG obtained from fitting of the
data are presented in Table II,

MC: nG.0.5860.02, ~14!

GSC: nG.0.6260.01. ~15!

Note thatnG here practically coincides with the inverse fra
tal dimension of an open repulsive chain. Thus, we can
terpretnG as the Flory swelling exponent, the value of whi
for largeN is more accurately known from the renormaliz

FIG. 15. Plots of the packing coefficienthr vs the shell indexr for den-
drimers with D56 spacers in the poor solvent (U (0)57) from the GSC
theory. The curves correspond to the following values ofG51,2,3,4,5,6
~from bottom to top!.
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tion group calculation, namelynF50.58860.001. As dis-
cussed in Ref. 32 the GSC theory overestimates the F
swelling exponent by about 0.04 as compared to the MC d
for this range of finite polymer sizes. This is consistent w
the amount by which the GSC values fornG exceed those of
the MC simulation.

At the same time, the prefactoraG does not obey a
power law inG, but it can be fitted well via the following
expression:

GSC: aG5~0.7460.01!22 ~G11!/~4.0760.1!,

MC: aG5~0.960.03!22 ~G11!/~3.960.2!. ~16!

Or by using Eq.~3! again, we can express this for the goo
solvent via

A3R g
2;S 3D

N D 1/4

NnF;D1/4NnF21/4, ~17!

A3R g
2;DnG~F21!nD(G11), nD'nG2

1

4
. ~18!

Indeed, as can be seen from Table III, the resulting expon
nD.0.3760.01 in the GSC method, whereas from MC t
resulting exponent value isnD.0.33560.008*1/3. These
notations for the exponentsnG , nD at fixed values of either
G or D are akin to those traditionally used in thermodyna
ics.

For the poor solvent a similar procedure gives the f
lowing values forN.200:

GSC: AG50.56060.007, yG50.33160.002

for U (0)57, ~19!

GSC: AG50.51660.004, yG50.33360.001

for U (0)510, ~20!

MC: AG50.6060.004, yG50.3160.02

for U (0)56, ~21!

or, roughly speaking,yG'y51/3, with coefficientAG de-
creasing slowly with increasingU (0) and being almost inde
pendent of other parameters such asG. Hence, we have for a
poor solvent,

A3R g
2;Ny;DyG~F21!yD(G11), yD5yG.y5

1

3
.

~22!
TABLE II. Values of parametersaG , nG andaG , vG obtained from the fitting procedure via Eqs.~11!, ~12! for
the good athermal,U (0)50, and the theta,UE8

(0) , solvents over various values ofD at a given value ofG from
the GSC and MC methods.

G GSC:aG nG MC: aG nG GSC:aG vG

1 0.53260.009 0.61560.005 0.6360.01 0.5560.01 0.6060.02 0.47760.009
2 0.44560.007 0.62660.004 0.5060.03 0.5860.02 0.5160.02 0.48960.006
3 0.37160.005 0.62960.003 0.4460.03 0.5760.01 0.4460.02 0.50060.005
4 0.31260.004 0.62860.002 0.3560.01 0.5860.01 0.3960.01 0.49860.004
5 0.26660.004 0.62460.002 0.2960.02 0.5960.01 0.3460.01 0.50160.006
6 0.23260.003 0.62160.002 0.2660.01 0.5760.01 0.3060.01 0.49760.005
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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TABLE III. Values of parametersaD , nD andaD , vD obtained from fitting procedure via Eqs.~11!, ~12! for
good athermal,U (0)50, and the theta,UE8

(0) , solvents over various values ofG at a given value ofD from the
GSC and MC methods.

D GSC:aD nD MC: aD nD GSC:aD vD

1 0.9860.01 0.37760.002 1.0860.01 0.33360.002 0.6960.03 0.38060.006
2 1.1860.02 0.37360.002 1.2960.02 0.32960.002 0.8560.03 0.35560.005
3 1.3360.03 0.37060.003 1.4360.03 0.33060.003 0.9260.01 0.34660.003
4 1.4260.05 0.37060.004 1.5060.05 0.33260.004 0.9660.02 0.34660.003
5 1.5260.06 0.36960.005 1.4860.09 0.34060.007 0.9760.04 0.34960.006
6 1.6060.07 0.36860.005 1.6260.09 0.33560.008 1.0060.04 0.35160.005
yr
r
te

n
th
g

e

in

o

l-t

en
th

io
in
er
o
in
ot
tly
by
ry

SC

en
t

in-
e of

of

e
al

the

ons.

lue

ed
bil-

re
ior.
c-

ull
ve

for
the

rs
. In
s of
ng

the
al-

the
n-
the
e

a
we
ous
It is interesting to note that for the ideal chain~absence
of the excluded volume interactions,d(0)50) we obtain the
following accurate asymptotic expression36 for large D and
G:

A3R g
2.,)D1/2G1/2. ~23!

Therefore, generally, the dependence of the radius of g
tion on the spacer exponent is always the same as fo
open/ring chain, but the ideal system lacks the complica
dependence on the number of generationsG. It is worth-
while to comment also that such an ideal system should
be confused with the system in the theta-solvent near
transition pointUE8

(0) . For the latter we shall have a scalin
akin to Eqs.~18!, ~22!,

A3R g
2;DvG~F21!vD(G11), vG5

1

2
, vD<vD<nD .

~24!

The values forvG , vD obtained from the GSC theory ar
reported in Tables II, III. We can conclude that indeedvG

51/2 with a high accuracy, whereasvD.0.35. We expect
the latter to be somewhat lower in the MC simulation than
the GSC theory again.

V. DISCUSSION AND CONCLUSION

In this paper we have studied a range of hom
dendrimers withD51–6 spacers andG51–7 generations in
the good and poor solvents, as well as across the coi
globule transition. These studies have been performed
two different techniques yielding a satisfactory agreem
between their results. The first technique is based on
GSC method, while the second one is that of MC simulat
in continuous space. Both rely on the same coarse-gra
model involving harmonic springs for connected monom
and the Lennard-Jones pair-wise potential with a hard c
part. The overall accord between these two rather dist
approaches is quite important due to the limitations of b
techniques. The MC technique, while in principle exac
modeling a given system, in practice, is always limited
the statistical accuracy and quality of equilibration for ve
large dendrimers computationally affordable. The G
method, on the other hand, is about 103 faster for the studied
range of dendrimer sizes and it directly produces the
semble averaged equilibrium observables. However, i
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only an approximate technique, which has some intrinsic
accuracies, for instance, somewhat overestimating the siz
polymers in the good solvent.

We have proposed a new scaling law for the radius
gyration of dendrimers which involves the two exponentsnG

~at fixedG) andnD ~at fixedD),

R g;DnG~F21!nD(G11);DnG2nDNnD, ~25!

where nG5n, with n'3/5, 1/2 and 1/3 being the invers
fractal dimension of an open/ring chain in the good, ide
and poor solvents, respectively. While this agrees with
conclusions of Refs. 25, 26 fornG , we have obtained a
rather different dependence on the number of generati
Namely, we have concluded thatnD'n21/4.0.338 for the
good solvent, andnD'n51/3 for the globule. This is con-
sistent with Ref. 27, but our estimate ofnD for the good
solvent is more accurate enabling us to claim thatnD is cer-
tainly above, although quite close to the poor solvent va
1/3.

It is important to emphasize also that the law in Eq.~25!
is valid for the model with the harmonic bonds employ
here. Dendrimers with bonds possessing a finite stretcha
ity and angular potentials would in all likelihood have mo
complicated and nonuniversal features in their behav
However, the harmonic model is an important and well tra
table reference point for further studies at the level of f
atomistic detail for concrete dendrimers, which could ha
bonds stretchable in different ranges.

We have concluded that the coil-to-globule transition
dendrimers is continuous and that for the theta-solvent
scaling law forRg differs from that of the ideal dendrimer, in
which Rg;(DG)1/2, having instead theG-dependence of
the form given by Eq.~25! with 1/3<nD<3/521/4.

Details of the conformational structure of dendrime
have been analyzed for the good and poor solvents also
some respects, our results support certain observation
Ref. 24 made for the good solvent. Namely, we find a stro
evidence of the re-entry of the terminal generation into
dendrimer up to its very center, producing a rather deloc
ized partial density for those monomers. This results in
highest total density near the core for relatively small de
drimers, which decreases in larger dendrimers due to
‘‘entropic pull’’ effect of extra branches. However, as th
number of generations exceedsG55 there also develops
lower density domain inside the dendrimer. Moreover,
have analyzed the bond stretching along a continu
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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branch. This is highest near the core, especially for dend
ers with a large number of generations. The stretching
creases with increasing generation index and oscillates in
magnitude with the spacer index. This observation is in
preted consistently with the connectivity contribution to t
mean energy.

Furthermore, we have attempted to elucidate the deg
of the steric congestion in a dendrimer by considering
shell index dependence of the monomer packing coeffic
hr . The latter is the volume ratio of the space occupied
all other monomers around a given one. In a relatively sm
dendrimerhr oscillates in the spacer index with only a we
generation index dependence, except for the terminal gen
tion which is less congested. A dendrimer with a large nu
ber of generations, however, has a less congested ho
domain inside it and the highest congestion in the penu
mate generations in accord with the density distributions

The degree of asphericity of dendrimers appears to
crease with the increasing number of generations, depen
rather weakly on the number of spacers. This is also c
firmed by the behavior of the static structure factor, wh
develops an oscillating globule-like character for largerG.

Interestingly, while incorrect in concrete detail, the oni
model predictions of Ref. 13 do have a rather limited me
ing in a sense that there exists a hollow domain insid
dendrimer of a large enough number of generations, but
at the core itself. However, the partial densities of gene
tions fall off only beyond the appropriate cut-off radii. The
densities are totally delocalized until the cut-offs@see Fig.
6~b!#, being fairly large at the core,27 and certainly are no
concentrated within thin layers as surmised.

A similar analysis has been carried out for the poor s
vent as well. The globular conformation of a dendrimer
much more compact, and it is rather uniform without a
hollow domains. The packing coefficient for the globule
much larger in value than for the good solvent and depe
on the spacer index only for the monomers in the inner g
erations. There is also much less stretching of bonds
volved near the core than for the good solvent, even i
dendrimer with a largeG. Generally, the bond stretching i
the globule is stronger for the branch points than for
middle of spacers or terminal monomers. Thus, the conn

FIG. 16. Tree diagram topologically equivalent to that of Fig. 1 for a D2
dendrimer. The dotted line illustrates the area satisfying conditionr8<r.
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tivity of a dendrimer in the globular state manifests itself
a much more localized manner, and with a significan
smaller effect than for the good solvent.

We believe that our results allow one to reconcile so
of the disparate predictions from previous theoretical a
simulation studies by finding some simple limiting regim
and by discovering nonmonotonic dependencies of vari
observables and the local structure of dendrimers on
number of generations. These unusual features of dendrim
indeed make them extremely appealing for numerous fu
applications ranging from catalysis, rheology modifiers,
drug delivery and biotechnology more generally.
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APPENDIX A: THE TOPOLOGICAL TREE

The concept of the kinematic symmetries can be b
explained by using the topological tree presented in Fig.
which is equivalent to the dendrimer diagram of Fig.
Hence, the horizontal line would represent any selected c
secutive branch of the dendrimer, which we shall name
primary branchB, with the core monomer being on the lef
The length ofB is thennB5D(G11), excluding the core
monomer itself. Any two branches become topologica
nonequivalent to each other as long as they diverge from
common parent sub-branch at some value of the genera
index g. We shall call any two such branches nonequival
of order g. The leftmost vertical line on the left of Fig. 1
represents any branch nonequivalent toB of order g50,
which we shall denote asB0 with the lengthnB0

[n0 . Simi-
larly then, we shall have branchesBg nonequivalent toB of
order g with the lengthng5D(G2g11) for all values of
g50,1,...,G in our topological tree. Any two pairs of mono
mers then would haveDi j 5Di 8 j 8 as long as the pair (i 8, j 8)
lies in the same places in the topological tree as the
( i , j ), thereby defining the equivalence classes of monom
pairs.

Moreover, we can easily count the number of indepe
dent degrees of freedom in the matrixDi j . For that we have
to count the number of possible pairs (r,r8) in Fig. 16 such
that, e.g.,r8<r, wherei 5(r,w) andi 85(r8,w8). Acciden-
tally, we note that the topological tree disregards the ang
coordinatesw of any equivalent monomers. There are tw
possibilities of pairingr andr8: ~a! r,r8PB and ~b! rPB
andr8PBg for someg. In the former case we get the num
ber of pairsCB5( i 51

nB i 5nB(nB11)/2, whereas in the latte
case we obtainCg5( i 5ng

1 i 5ng(ng11)/2. Thus, we have

derived the total number of independent degrees of freed
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Cind
(2)5CB1 (

g5G

0

Cg

5~G11!
D

2 S DS G2

3
1

13

6
G12D121

G

2 D , ~A1!

which is identical to Eq.~A1! in Ref. 19.
Similarly, the total number of independent 1-point o

servables~e.g., the packing coefficienth i), which depend on
r only, is simply the length of the primary branchB0 ,

Cind
(1)5D~G11!11. ~A2!
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