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We present results from numerical analysis of the equations derived in the Gaussian self-consistent
method for kinetics at the collapse transition of a homopolymer in dilute solution. The kinetic laws
are obtained with and without hydrodynamics for different quench depths and viscosities of the
solvent. Some of our earlier analytical estimates are confirmed, and new ones generated. Thus the
first kinetic stage for small quenches is described by a power law decrease in time of the squared
radius of gyration with the universal exponentai59/11 ~7/11! with ~without! hydrodynamics. We
find the scaling laws of the characteristic time of the coarsening stage,tm;Ngm, and the final
relaxation time,t f;Ng f , as a function of the degree of polymerizationN. These exponents are equal
to gm53/2, gf51 in the regime of strong hydrodynamic interaction, andgm52, gf55/3 without
hydrodynamics. We regard this paper as the completion of our work on the collapse kinetics of a
bead and spring model of a homopolymer, but discuss the possibility of studying more complex
systems. ©1996 American Institute of Physics.@S0021-9606~96!50709-X#

I. INTRODUCTION

Study of the kinetic laws of the coil-to-globule transition
of a simple homopolymer in dilute solution is an important
prerequisite to understanding the conformational transitions
of complex biological systems, such as protein and DNA
folding. Equilibrium aspects of the homopolymer problem
have been extensively studied and essentially understood.1–4

Meanwhile, the kinetic laws of the collapse transition are by
no means elucidated, though advances have been made by
computer methods using Monte Carlo,5,6 Langevin,7 and mo-
lecular dynamics8 simulations. It seems quite likely that
these numerical studies have led to a correct qualitative pic-
ture of the collapse kinetics, including the notion of several
different kinetic stages. These approaches, however, either
were based on some assumptions concerning the dynamical
mechanism, not completely obvious from the principles of
statistical mechanics,5 or they have met with some technical
problems originating from the numerical methods, that do
not allow one to study the late stages of kinetics with a good
statistical accuracy.6,7We here emphasize that our work aims
to resolve clearly the kinetics of collapse of a bead and
spring model which we approximate for analytical work by
the Edwards Hamiltonian.2 As mentioned earlier, there are
alternative models, and the degree of agreement between
models is as yet unclear. We return to this point again in the
conclusion to our study.

Early theoretical progress in understanding the kinetics
phenomena in polymeric systems9,10 was helpful, but has
been rather limited mainly due to the absence of systematic
methods of nonequilibrium statistical mechanics that are eas-
ily applicable to the problem. The Gaussian self-consistent
approach,11 which resembles the time-dependent Hartree ap-
proximation, has the merit of being precisely defined, flex-
ible, and of general applicability to many classes of prob-
lems. Application of this method to the collapse kinetics12

yields a set of nonlinear first order differential equations in

time that determine the correlation functions of the Fourier
modes of monomer positions. At first sight these equations
appear to be very complicated and in the work cited above
we were able to analyze and resolve only the linear approxi-
mation over the initial Flory coil state without account of
hydrodynamics. Even so, such an analysis elucidated an im-
portant mechanism of the first kinetic stage akin to spinodal
decomposition in the internal metrics of the chain,12 and of-
fered a different picture of the detailed mechanism of col-
lapse than that due to earlier works in Refs. 9 and 10. Nev-
ertheless, the full range of kinetic process was not studied in
this method.

Thus several of the important questions about kinetics at
the collapse transition still remain unanswered. Among them
we consider the scaling laws of the collapse time as a func-
tion of the degree of polymerization, the quench depth, and
viscosity of the solvent.

In the present paper we shall describe the results from
comprehensive numerical study of the self-consistency
equations12 describing kinetics after the quench to the region
of the phase diagram corresponding to the collapsed globule.
Taken together with the earlier paper in Ref. 12 that relied
only on analytical estimates this paper we view as the con-
clusion to our studies of the Gaussian ensemble approach to
collapse kinetics of a homopolymer.

We begin by noting that the numerical analysis for this
paper is a considerable computational task, even comparable
to the Monte Carlo simulation of analogous system on a
lattice. However, the Gaussian self-consistent approach pos-
sesses certain advantages to the latter approach and to the
direct Langevin simulation. First, we consider only observ-
ables that are already averaged over the statistical ensemble,
thus avoiding any artifacts of improper ensemble sampling.
Second, it is free of the lattice artifacts, leading to a partial
freezing of certain movements within a dense cluster. This
circumstance is crucial at deep quenches, where the Monte
Carlo method cannot yet be considered reliable,6 and finally,
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account of the hydrodynamic interaction is quite straightfor-
ward and simple in the Gaussian self-consistent method.
Thus in the present approach, one may hope to achieve a
good control of precision and avoid systematic error in de-
termination of the kinetic laws. Also, here we deal with a
numerical solution of a finite set of differential equations and
the behavior of the solution can be related to theoretical con-
sideration.

Of course, the Gaussian self-consistent method pos-
sesses some disadvantages discussed in more detail in Sec.
IV. However, we have found that these do not affect those
kinetic laws that can be independently tested by the Monte
Carlo method. We will argue therefore, that it is an important
approach for the study of collapse and folding kinetics of all
polymers and biopolymers.

II. SELF-CONSISTENCY EQUATIONS

We describe the polymer in very dilute solution by the
Langevin equation for the Fourier coordinates of monomers
xq , q50,...,N21, whereN is the degree of polymerization
~see the Appendix for more detail!,

ẋq
a~ t !5 (

a8,q8
Hqq8

aa8@x~ t !#S 2
]V

]xq8
a8

1hq8
a8~ t !D , ~1!

where hydrodynamic effects are incorporated viaHqq8
aa8 , the

Oseen hydrodynamic interaction tensor,2,12 and the noise has
the second order correlation function,

^hq
a~ t !hq8

a8~ t8!&5~H21!qq8
aa82kBTd~ t2t8!. ~2!

The potential,V, is typically taken to include the spring term
as well as the excluded-volume interaction written in terms
of the virial expansion,

V5
k

2 (
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~xm2xm21!
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1 (
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d~xm1
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wherek is the spring constant,uL are the virial coefficients
andm1Þm2•••ÞmL .

Briefly then, the underlying idea of the Gaussian self-
consistent method11,12 consists in replacing the exact nonlin-
ear Langevin equation~1! and Eq.~2! by a linear stochastic
ensemble,

zq~ t !ẋq
a~ t !52DVq~ t !xq

a1hq
a~ t !, ~4!

^hq
a~ t !hq8

a8~ t8!&5zq2kBTd~ t2t8!daa8d2qq8 , ~5!

where the effective potential,DVq(t), and the effective fric-
tion, zq(t), can be found from the self-consistency equations
for the equal-time correlation function,

F q~ t ![
1
3 ^uxq~ t !u2&. ~6!

With space-isotropic initial conditions all spatial components
yield equal contributions. One can show thatF q(t) satisfies
the nonequilibrium equation of motion,12

zq~ t !

2
Ḟ q~ t !5kBT2DVq~ t !F q~ t !. ~7!

There is also a nonlinear algebraic equation for the effective
potential. In Refs. 11 and 12 this has been derived in two
lowest orders of the virial expansion. We here generalized
the equations to arbitrary order. Thus for a ring polymer, we
obtain

DVq~ t !5kq2 (
L52

`

ûL (
m1•••mL

(
i , j51

L21 dm1mi11 ,m1mj11

~q! D̄i j
~L21!

~detD~L21!!5/2
,

~8!

whereûL5uL/(2p)3(L21)/2. In this formulaD(L21) is a ma-
trix of the sizeL21 with the matrix elements

D i j
~L21!5Dm1mi11 ,m1mj11

, ~9!

and their cofactors are denoted byD̄ i j
(L21). The correlations

Dnn8,mm8 of monomer spatial positionsxn may be ex-
pressed as the Fourier transforms of quantities~6!,

Dnn8,mm8[
1
3 ^~xn2xn8!~xm2xm8!&5(

q
dnn8,mm8

~q!
F q .

~10!

Here, we have used the following notations:

dnn8,mm8
~q!

52 1
2 ~dnm

~q!1dn8m8
~q!

2dnm8
~q!

2dn8m
~q!

!, ~11!

with dnm
(q)5222 cos~2pq(n2m)/N). In this notation the

spring term may be written askq5kNd01
(q).

The friction, zq(t), can be calculated in the so-called
‘‘preaveraging’’ approximation,2,12

1

zq~ t !
5

1

Nzb
1

1

3~2p!3/2hsN
2 (
nÞn8

22dnn8
~q!

Dnn8,nn8
1/2

~ t !
, ~12!

wherehs denotes the viscosity of the solvent, andzb is the
bare friction coming from the diagonal element of the hydro-
dynamic Oseen tensor.

Finally, let us introduce the formulae for two important
observables: the mean squared radius of gyration,

Rg
25 (

q51

N21

F q , ~13!

and the mean energy,

^V&5
3

2 (
q

kqF q1 (
L52

`

ûL (
m1•••mL

~detD~L21!!23/2.

~14!

To assist the reader that seeks physical insights into the
method we now give a more descriptive version of our ap-
proach. Bear in mind that the indexq is conjugate to the
bead index numbern, and thereforexq is the amplitude of
the internal mode of the chain. Naturally, if there are no
intrachain interactions these are normal modes since there
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remains only the nearest-neighbor spring term. The basic
idea of the Gaussian method is to replace all the intrachain
interactions by a matrix of springlike interactions between all
pairs of beads on the chain. Then we still have normal
modes, but with different spring constants for each mode,
these being determined self-consistently from the full inter-
acting potential. At equilibrium the approach is well known
and amounts to the claim that we can replace an interacting
chain with a ‘‘network’’ of springs with well-chosen spring
constants. Accepting the limitations of this method, the cur-
rent approach extends it to the nonequilibrium situation
where all of the spring constants must be chosen in a time-
dependent manner to mimic the evolution of the nonequilib-
rium distribution. This proposition is laid out in Eq.~4!. Thus
we have different time-dependent spring constants,DVq(t),
for each of the normal modes of the network. Knowing
DVq(t), we can easily calculate all properties of the system
including, for example,F q(t), which is the ensemble-
averaged squared amplitude of theqth Fourier mode at time
t. It remains only to determineDVq(t), and this can be done
self-consistently. Thus we apply Eq.~4! and eliminatexq
everywhere in the exact Langevin equation in favor ofDVq .
This leads to a self-consistent equation forDVq for time t,
given in Eq.~8! and closed via relations~7! and~10!. This is
basically ‘‘the best’’ time-dependent Gaussian approximation
that can be found for a nonequilibrium interacting chain. The
whole approach could be extended to non-Gaussian approxi-
mants, but common sense indicates that it is wise to start
with the simplest approximation. Two final points that may
be of interest. First, at equilibrium the method yields the
same equations as the Gibbs–Bogoliubov variational
approach13 based on a Gaussian Hamiltonian that was much
used by Feynman.14 Second, the analytical approach devel-
oped here is essentially a time-dependent mean-field theory
for the bead and spring model with all the potential problems
of such approximation. Our belief that it is useful is based on
the fact that it has known equilibrium limits, and the main
predictions are in agreement with simulations. In this sense
the method of nonequilibrium treatment described above
transcends the specific model, and others may wish to pursue
it for more detailed polymer models, such as those used in
molecular dynamics calculations. That path will require
work, but there are no fundamental impediments.

III. NUMERICAL RESULTS

The self-consistency equations~7! and ~8! have been
studied numerically. Setting the time derivative to zero in Eq.
~7! corresponds to the equilibrium situation. Thus, due to Eq.
~10!, we have a system ofN21 nonlinear algebraic equa-
tions ~8! for determination of the time-independent solution
DVq

(e)5kBT/F q
(e). This set of equations can be solved itera-

tively. Note thatq50 corresponds to the diffusive mode and
does not affect the intramolecular conformational modes.
The diffusion constant can be calculated from Eq.~12! as
D5kBT/z0 . In the ‘‘preaveraging’’ approximation the hydro-
dynamic effect does not contribute to the equilibrium effec-

tive potentialDVq
(e). It does, however, contribute to the non-

equilibrium potentialDVq(t) via Eqs.~12! and ~7!.
In what follows we shall be interested in kinetics at the

collapse transition caused by an abrupt quench to the nega-
tive u2 region. Technically, we start from the equilibrium
solution for the Flory coil. Then, after the quench, Eq.~7! is
solved using the modified Runge–Kutta scheme.15 Let us
point out that for all the quantities considered in this work
the final state of kinetics coincides exactly to that obtained
from equilibrium calculations with corresponding param-
eters.

We restrict ourselves by accounting for the excluded vol-
ume effect only up to the three-body interaction, i.e., we set
uL50 for L.3. Inclusion of the four-body interaction is im-
portant when bothu2 andu3 are negative. Probably this leads
to a set of different collapsed states.16 However, account of
the u4 term would require quadruple summations17 in the
code, and numerical analysis becomes considerably more
time consuming, so we have not attempted to resolve this
issue here.

In the sequel we have used the following particular
choice of parameters:kBT51, k51, andzb51, which pro-
vide the units of measurement of temperature, size and time
in the system.

A. Equilibrium

We have mentioned in Sec. I, that many aspects of the
equilibrium statistical mechanics of polymers are well
known.1,3,2,18Therefore, we shall briefly discuss only those
results for equilibrium, that demonstrate the advantages and
limitations of the Gaussian self-consistent method. This dis-
cussion is also necessary as a preliminary for the study of
kinetics in Sec. III B.

The typical behavior of the mean squared radius of gy-
rationRg

2 vs the second virial coefficientu2 is presented in
Fig. 1. The positive and negativeu2 regions correspond to
the Flory coil and the collapsed globule respectively.Rg

2

FIG. 1. Plot of the equilibrium mean squared radius of gyrationRg
2 vs the

second virial coefficientu2 for polymer with the degree of polymerization
N5200 and the third virial coefficientu3510. In this figure pointsF andC
correspond to the Flory coil and the collapsed globule.
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scales in the degree of polymerization asRg
2;N2n. The val-

ues of the swelling exponent,n, have been calculated from
the data of the type presented in Table I,

nF50.6960.01 for good solvent~u2515,u350!,

nu50.5560.02 near theu point ~u250,u350.4!,

nC50.34 for poor solvent19 ~u25225,u3510!.

For sufficiently long chains the value of the collapsed expo-
nent tends ton5nC51/3. Nevertheless, the Flory exponent in
the Gaussian method tends to the so-called Reiss exponent
n52/3, rather than to the correct valuenF53/5, a deficiency
of the method that was recognized and understood some time
ago.2,3,13

Indeed this limitation was sufficiently serious that a bet-
ter equilibrium theory was sought by numerous authors. Per-
haps the most successful originated in the works of de
Gennes~n→0 problem1! for the Flory coil and Lifshitz4 for
the collapsed state. There was therefore little need to pursue
the Gaussian method until one was faced with problems such
as kinetics of collapse. Remarkably, as we shall see, the
Gaussian method for kinetics gives good agreement with
simulation.6 It is already known11–13 that byad hocapplica-
tion of a cut off the problems at equilibrium are reduced, and
one can obtain the normal Flory exponents.

The pair correlation functionsF q andD0n,0n for good
solvent scale as,11

D0n,0n;n2n, F q;q22b, q,n!N, b5n11/2.
~15!

For example, the values of the exponentsn, b found from
such scaling laws aren50.6860.01, b51.260.02 for
N5300 at pointF in Fig. 1. For the collapsed globule~point
C in Fig. 1! there is a similar law to Eq.~15! for F q with
b50.8860.02. However,D0n,0n increases linearly, then at
some cross-over point it saturates to a level that scales as
N2/3. This is what one would expect from the dense globular
state.4

The mean energy~14! reaches the asymptotic laws
^V&;u2

2/5 for u2→` and ^V&;2(2u2/u3)
2 for u2→2`.

The latter theoretical expectations are well justified numeri-
cally, but we refrain from presenting the data here because it
is rather cumbersome.

B. Kinetics

Now let us consider kinetics after the quench fromu2.0
to a new valueu28 , 0. For an instantaneous quench the ef-
fective potentialDVq(t) is discontinuous at the initial time
t50 and its jump is proportional to the variation of the sec-
ond virial coefficient. Nevertheless,F q(t) changes continu-
ously since it is related to the effective potential by Eq.~22!
of Ref. 12.

FIG. 2. Plots of the effective potentialDVq vs time t for polymer with the
degree of polymerizationN5200 for different values of the chain indexq
~from bottom to top!: q51,2,3,5,10,20,50,100. Initial and final values of the
second virial coefficient, the third virial coefficient and viscosity are equal to
u2515,u28 5 225,u3510 andhs5` ~absence of the hydrodynamic interac-
tion! respectively. Pointstm and tt represent the characteristic time of the
second kinetic stage and the ‘‘total’’ collapse time.

FIG. 3. Plots of the correlation function of the Fourier modesF q vs time t
for different values of the chain indexq ~from top to bottom!:
q51,2,3,5,10,20,50,100. The values of the degree of polymerization, viscos-
ity and virial coefficients are the same as in Fig. 2.

TABLE I. Values of the equilibrium mean squared radius of gyrationRg
2 vs the degree of polymerizationN for

different values of the second and the third virial coefficientsu2 andu3.

N 50 100 150 200 300 400 500

Rg
2 ~u2515, u350! 24.0 62.7 110 163 285 422 572

Rg
2 ~u250, u350.4! 5.44 11.9 18.9 26.3 42.3 58.9 75.8

Rg
2 ~u25225, u3510! 1.910 3.528 4.956 6.247 8.521 10.50 12.20
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In Figs. 2 and 3 we exhibit results of the numerical in-
tegration of Eqs.~7! and~8!. The behavior ofF q(t) is natu-
ral from the point of view of the ‘‘necklace’’ model of
collapse.6,7,12 Initially the chain undergoes formation of
small locally collapsed globules that grow for some time at
the expense of their neighbors in the chain. This process
leads to an essential decrease of amplitudes of the large-q
modes, these describing the local structure of the chain.
There is also a much slower decrease of low-q modes, de-
scribing the polymer at large distances along the chain. Let
us consider the deviation ofF q from the initial value for
sufficiently small times

DF q~ t ![Aq~12e2lqt!, ~16!

where we have introduced the Lyapunov exponentlq . In
Ref. 12 we have analyzed this exponent theoretically using
the linearized self-consistency equations and given its inter-
pretation in terms of spinodal decomposition in the internal
metric of the chain. Here, it is worthwhile to return to this
question and verify our conclusions on the basis of straight-
forward numerical solution and also to complete the account
of the method by incorporating the hydrodynamic interac-
tion.

One may expect certain modifications in the laws due to
the fact that the Flory exponent was considered equal to

nF53/5 in Ref. 12 after introduction of a cut off, while in-
deed it has a larger value here as we have discussed in Sec.
III A. We find that this circumstance does not affect the gen-
eral behavior and conclusions about the existence and prop-
erties of unstable modes. In Fig. 4 we draw the Lyapunov
exponentlq vs the chain indexq for different final values of
the second virial coefficient. The results are obtained by fit-
ting DF q(t) with Eq. ~16! for small times. The values of the
chain indices of the most unstable mode~i.e., for which2lq
is maximal!, qmax, and critical ~i.e., the highest unstable!
mode,qc , are presented in Table II. One can see from Table
II that they scale withu28 in the same way with and without
hydrodynamics, although prefactors are somewhat affected
by the hydrodynamic interaction. This result may be ex-
pected from the linearized approximation, wherezq cancels
out from the expression for the Lyapunov exponent@Eqs.
~35!–~37! in Ref. 12#.

The timeti , when the critical modeF qc
(t) reaches its

minimum ~see Fig. 3!, may be considered as the duration of
the first kinetic stage. As one can see from Table III, it is
fairly independent of the degree of polymerization, thus re-
flecting the local mechanism of clusters formation at this
stage.20

The deviation of the mean squared radius of gyration at
this spinodal stage may be estimated for small quenches
when the contribution of unstable modes is negligible. Using
Eq. ~16! we write

DRg
2~ t !5 (

q.qc

Bq

zqlq
~12e2lqt!, ~17!

where the parameters are estimated using formulas~35!,
~38!, and~39! of Ref. 12

Bq;q3n22, lq;q2n11, ~18!

with q52pq/N. According to Ref. 11 the friction scales as
zq;q12n with hydrodynamics and it is a constant in the ab-
sence of hydrodynamics. Converting the sum into integral
we obtain the law for small quenches,

DRg
2~ t !52Ata i, t,1/ulqmax

u,

a i5H 322nF
2nF11

with hydrodynamics,

22nF
2nF11

without hydrodynamics,

~19!

FIG. 4. Plots of the inverse decay rateslq vs the chain indexq for polymer
with the degree of polymerizationN5300 and viscosityhs50.1. Initial
values of the second and the third virial coefficients are equal tou2515,
u3510 and final values of the second virial coefficient are equal to~from top
to bottom!: u28 5 25,2 25,2 50,2 70. Negative values correspond to the re-
gion of instability in which modes grow exponentially fast.

TABLE II. Values of the chain indices of the critical,qc , and maximal,qmax, unstable modes vs the final value
of the second virial coefficient,u28 , for polymer with the degree of polymerizationN5300 andu2515,u3510.
Here, the quantityd denotes the exponent of appropriate chain index inuu28u, i.e.,q ;u u28u

d.

u28 25 210 215 225 235 250 270 d

qc ~hs5`! 16 25 32 43 51 61 70 0.5660.04
qc ~hs50.1! 15 24 31 41 49 58 67 0.5660.05
qmax ~hs5`! 4 6 7 8 9 10 11 0.3760.06
qmax ~hs50.1! 3 4 5 6 7 7 8 0.3760.06
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wherenF is the Flory exponent. Numerically foru28 5 25 we
have obtained the values of the exponentai50.8360.02
~ai50.6660.02! with ~without! hydrodynamics. These num-
bers are fairly close to the expected theoretical predictions.21

It is important to emphasize that deeper quenches give rise to
an essential contribution of unstable modes and the law~19!
is violated leading to a higher exponentai .

The second, or coarsening stage, takes much longer than
the spinodal process. During this stage unstable modes
change their decrease to a slow increase~see Fig. 3!. The
increase describes the process of mixing of the original small
clusters within larger ones after unification. We note that the
first mode describes the conformation of the polymer as the
whole and it is always a monotonically decreasing function
of time. It is also interesting to consider the timetm , when
the second internal modeF 2 has its minimum amplitude.
The quantitytmmay be considered as a characteristic time of
the second kinetic stage. In Table III we present values oftm
for different degrees of polymerization and viscosities. The
characteristic time scales with the degree of polymerization
according totm ; Ngm, wheregm53/2 ~gm52! with ~with-
out! hydrodynamics~see Table III!. In other words,tm scales
as the Zimm~Rouse! relaxation time. In this sense, one can
say that the coarsening stage of collapse is dominated by the
behavior of the ideal Gaussian coil. This is in agreement with
the phenomenological theory of de Gennes,9 and with Monte
Carlo calculations.6

In Fig. 5 we exhibit the evolution of the mean squared
radius of gyration in kinetics for different viscosities of sol-
vent. One can see that the hydrodynamic effect leads to a
more rapid collapse, especially at the coarsening stage. This
has a simple explanation. Indeed, the diffusion constant of a
locally collapsed cluster consisting ofM monomer units
scales asD;M21 if we neglect hydrodynamics, but as
D;M21/3 when the hydrodynamic effect dominates. Thus
with hydrodynamics these clusters possess a higher mobility,
and the total mobility of the polymer is growing during ki-
netics. The diffusion constant of the whole chain,
D(t)5kBT/z0(t), and the inverse friction of the first mode

are presented in Fig. 6 as functions of time. The former is
monotonically increasing, and the latter behaves initially in
the same manner until the internal friction within the collaps-
ing globule leads to decrease and saturation.

The final stage of collapse is a slow process of shape
optimization and compaction of the globule. It is described
by a single exponential relaxation of the internal modes and
effective potential towards the final equilibrium state. Clearly
it is, strictly speaking, impossible to distinguish precisely
between the second and the final stages. Let us introduce
what we call the ‘‘total’’ collapse time,tt , as that time, when
a single exponential approximation begins to work reliably
well for the radius of gyration. For example, for the chain
lengths we have considered, this may be chosen as that time,
when the squared radius of gyration has passed through 99%
of its overall change:Rg

2(t t)50.01Rg
2(0)10.99Rg

2(`). In
Table III we show the final relaxation timetf determined

TABLE III. Values of the characteristic collapse timesti , tm , tt , andtf vs the degree of polymerizationN for
different viscositieshs . In this tableu2515,u28 5 225 andu3510. Here, the quantityg denotes the exponent
of the appropriate time in terms of the degree of polymerization, i.e.,t;Ng. Note that the limiths5` corre-
sponds to absence of hydrodynamics, whilsths50.1 describes the regime of strong hydrodynamic effect, and
hs50.5 corresponds to the crossover region~see also the caption to Fig. 6!.

N 30 50 70 100 150 200 300 g

ti ~hs5`! 1.25 1.47 1.56 1.59 1.61 1.63 1.64 0.0560.03
ti ~hs50.5! 1.12 1.23 1.36 1.38 1.41 1.44 1.47 0.0860.04
ti ~hs50.1! 0.72 0.90 0.99 1.08 1.13 1.15 1.18 0.1060.06
tm ~hs5`! 1.8 4.4 8.3 16.6 38 70 156 2.0060.03
tm ~hs50.5! 1.4 3.2 5.6 10.2 20.7 34.5 71.7 1.7160.03
tm ~hs50.1! 0.93 1.4 2.6 4.2 7.5 11.8 22.3 1.4860.04
tt ~hs5`! 3.9 10.5 20.3 40.8 90.7 160.3 357 1.9660.01
tt ~hs50.5! 3.0 7.1 12.0 22.0 42.6 67.6 129 1.6360.02
tt ~hs50.1! 1.7 3.2 5.0 8.1 14.0 21.0 37.3 1.3460.03
tf ~hs5`! 1.18 2.97 5.49 10.2 20.6 33.0 65.7 1.7460.03
tf ~hs50.5! 0.975 2.02 3.16 4.96 8.83 13.2 23.4 1.3760.02
tf ~hs50.1! 0.612 1.10 1.58 2.19 3.41 4.47 7.02 1.0460.03

FIG. 5. Plots of the square radius of gyrationRg
2(t) vs time t for polymer

with the degree of polymerizationN5150 for different viscositieshs ~from
bottom to top!: 0.1, 0.2, 0.5, 1.0,̀ . The values of the virial coefficients are
equal tou2515, u28 5 225, u3510. The dash line denotes the value of the
squared radius of gyration at the moment equal to the total collapse time.
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from the mean squared radius of gyrationRg
2(t) 5 Rg

2(`)
1 Afe

2t/t f , or equivalently the time-scale deduced from the
first internal modeF 1(t). Thus we findt f ; Ng f , where
gf51 ~gf55/3! with ~without! hydrodynamics.22 Therefore,
it is proportional to the equilibrium relaxation time of the
final collapsed statetc ; N3nC (tc ; N2nC11) with ~without!
hydrodynamics, wherenC51/3 is the collapsed swelling ex-
ponent. Naturally, the ‘‘total’’ collapse time should obey
t t.tm , and scaling of the exponentgt , wheret t ; Ng t, is
some cross-over between the exponentsgm andgf ~see Table
III ! with g t→gm when N→`. Thus for sufficiently long
chains, the main collapse takes a finite time about
t t ; Ngm,23 and then the process is exponentially slow with
the time characterized by universal exponentgf .

Finally, we would like to discuss the kinetic laws as a
function of the depth of the quench, by which we mean the
deviation from theu-point, uu28u, and the third virial coeffi-
cient,u3. Our analysis has led us to conclude that the char-
acteristic collapse times depend onN, uu28u andu3 as power
laws independently in each parameter over a wide range of
numerical values. The scaling exponents of the timestm and

tf in terms of the depth of the quench are close to the law
tm, f ;u u28u

22 ~see Table IV! for deep quenches, irrespective
of the hydrodynamic interaction. Thus the deeper the quench,
the more rapid is collapse due to stronger two-body attrac-
tion. Similarly, from the results of Table V scaling exponents
are obtained in terms of the third virial coefficient:tm;u3,
tf;u3

3/2. Qualitatively then, higher third virial coefficient
gives rise to stronger three-body repulsion and slows col-
lapse rate.

IV. CONCLUSION

In this paper we have studied the kinetic laws of the
collapse transition of a homopolymer by numerical solution
of the equations obtained in the Gaussian self-consistent ap-
proach. Although the conformations of an individual poly-
mer during kinetics are complex, as is the evolution of the
internal modes, it is remarkable that the analysis leads to a
number of very simple universal laws corresponding to dif-
ferent kinetic stages. We can see three stages of the process:
a rapid spinodal process is characterized by the set of
Lyapunov exponentslq and the lawRg

2(t) 5 Rg
2(0)2 Ata i for

small quenches withai given by Eq.~19!; the coarsening
stage is dominated by the ideal Gaussian coil~nu51/2! be-
havior with its characteristic timetm ; N3nuuu28u

22u3; a slow
relaxational stage towards the final equilibrium globule
~nC51/3! which is exponentially slow with a timet f
; N3nCuu28u

22u3
3/2. We have also studied dependence on the

viscosity of the solvent.
A strong argument in favour of our results is the good

agreement with Monte Carlo simulation performed without
hydrodynamics.6 Namely, we find the same qualitative pic-
ture in the behavior of the internal modes and good agree-
ment in the values of the kinetic exponentsai andgm . The
exponentgf has not been studied in Ref. 6 due to computa-
tional difficulties. Given the significant difference between
approaches and acknowledging that each has their own dis-
advantages and limitations, such agreement encourages us to
believe that we are really seeing the correct universal prop-
erties for homopolymer kinetics within the current model. In
addition, visualization of polymer conformations in the
Monte Carlo simulation provides us with a simple physical
interpretation and understanding of the kinetic laws in terms
of cluster formation and growth.6 Namely, the spinodal stage
corresponds to the formation of small locally collapsed clus-
ters along the chain or a ‘‘necklace’’ of clusters; the coarsen-

FIG. 6. Plots of the inverse friction coefficientskBT/zq(t) vs time t for
polymer with the degree of polymerizationN5200. The curves correspond
to ~from top to bottom!: q50 ~the diffusion coefficient! and q51 at the
viscosityhs50.1,q50 andq51 at the viscosityhs50.5. The valuehs50.1
corresponds to the regime of strong hydrodynamic effect, for which contri-
bution of the bare mobility term is negligible inzq for smallq. The values
of the virial coefficients are equal tou2515,u28 5 225,u3510. The straight
solid line denotes the value of the inverse friction coefficients without hy-
drodynamics~hs5`!.

TABLE IV. Values of the characteristic collapse timestm , tt , andtf vs the final value of the second virial
coefficientu28 for different viscositieshs . In this tableN5150,u2515 andu3510. Here, the quantityd2 denotes
the exponent of the appropriate time in terms of the final second virial coefficientuu28u, i.e.,t ;u u28u

d2.

u28 25 210 215 225 235 250 270 d2

tm ~hs5`! 294 173 97 38 19.4 9.55 4.74 21.9660.05
tm ~hs50.1! 80 41.2 21.2 7.5 3.65 1.70 0.92 22.0560.05
tt ~hs5`! 1071 482 240 90.7 43.5 19.0 7.84 22.260.1
tt ~hs50.1! 233 93.5 42.1 14.0 6.75 2.65 1.33 22.2760.08
tf ~hs5`! 271 109 50.0 20.6 10.5 4.58 2.21 22.060.1
tf ~hs50.1! 63.1 24.7 10.4 3.41 1.78 0.69 0.32 22.260.1
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ing stage describes their unification with the law of cluster
population growths ; t1/gm, which is a generalization of the
Lifshitz–Slyozov law; shape optimization and compaction of
the globule is the final exponential stage.

An important deficiency of the Gaussian method is that
it yields an incorrect Flory exponent. The reason is well un-
derstood and the problem may be addressed in different
ways.11,13 One has to be sure that this drawback of the
Gaussian theory does not affect the kinetic laws. The prob-
lem is inherent only in the Flory coil state, and it would be
reasonable to expect that it would modify only the early
stages of kinetics. This conjecture is indeed justified by com-
parison to the Monte Carlo simulation. Thus instead of na-
ively interpreting the numerical values of the exponentai ,
we have derived formula~19! with the Flory exponent as a
free parameter. Substitution of the correct value ofnF leads
to a valueai , that turns out to be quite close to the value of
Ref. 6.

Another deficiency of the method is that the chain is
fundamentally phantom, that is it can pass through itself.
This may become an essential limitation in the dense globu-
lar state. Due to topological restrictions the late state of ki-
netics for a nonphantom chain will have a different structure
than for a phantom one. For an open polymer topological
restrictions may be removed via self-reptations of the chain,
and it has been argued that this leads to an even longer final
kinetic stage with the time scale10 treptations;N3. This is a
really delicate question and it is not quite settled at the mo-
ment. One may suggest a special Monte Carlo technique24 as
a possible way to proceed in that direction. Practically speak-
ing, the issue of topology does not modify the kinetic stages
and laws we have considered, but could only add the fourth
very long-lived relaxational stage.

Having reached a degree of comfort with the method, we
now turn to the validity of the model itself. This Edwards-
style model is well validated for equilibrium calculations, but
not for kinetics. It is an inherently coarse-grained model
where the low-energy conformational barriers have been in-
tegrated out. At equilibrium there is little doubt that this is
acceptable. As for a dynamical model, we must be assured
that whatever local backbone conformational barriers are to
be overcome for the initial stage of clustering to take place,
they are small enough to represent shorter time scales than
those we study. Whether this is indeed true probably depends

on the polymer, solvent and temperature jump, but we can-
not, within the current treatment, address such issues. There
are early indications from both experiment25 and molecular
dynamics8 that such issues may be important.

In summation then, we have presented a general ap-
proach to the study of nonequilibrium phenomena where the
fractal dimension may change, and applied it rather fully to
the homopolymer collapse problem. We believe that the es-
sential features of kinetic laws of the Edwards-type model
are now resolved, and that the method we describe is useful
and will increasingly prove its worth in problems such as the
kinetics of periodic and random copolymers,26 protein and
DNA folding. It seems likely that the method gives for many
such problems good qualitative and in some cases quantita-
tive predictions. One should note that this assessment is
based on our experience with a particular class of problems
and the intuitions based on these so, in time, later applica-
tions may lead to some revision of these positive views.

If we accept this estimate of the current situation then
what can one hope to achieve in the biopolymer and het-
eropolymer field? Evidently, as with homopolymer, if there
are new universal kinetic laws for these systems they are not
readily derived, and have not yet been given in the literature.
Natural extensions of the method we have discussed will
permit one to deduce both the folding mechanism and the
laws. Our preliminary conclusion from this approach is that
various mechanistic ideas already in the literature will be
strengthened and quantitative laws added to them. Apart
from the attraction of such information to the physical scien-
tist, there may be practical implications also in terms of iden-
tifying chemical sequence structure to time-scale relations.
In turn this may lead to novel algorithms to explore more
complex biopolymer calculations where a realistic chemical
structure would be the product. Such considerations, in our
opinion, justify the current high level of effort directed at
heteropolymers by numerous researchers. These issues,
along with the fact that complete understanding of the ho-
mopolymer kinetic problem will continue to be the entry
price to progress in quantitative biopolymer studies, justify a
continuing interest in the homopolymer case beyond what
we have presented. We believe this work could be progressed
in the direction of less coarse-grained homopolymer models
than we have studied, thereby finally securing one more pe-

TABLE V. Values of the initial and final radii of gyration and of the characteristic collapse timestm , tt , tf vs
the third virial coefficientu3 without hydrodynamics~hs5`!. In this tableN5150,u2515 andu28 5 225. Here,
the quantityd3 denotes the exponent of the appropriate time scale in terms of the third virial coefficientu3, i.e.,
t ; u3

d3, whered3 is found to be the same with and without hydrodynamics. Note that the squared radius of
gyration is almost independent ofu3 for the Flory coil, whilst it scales asRg

2;u3
2/3 for the collapsed globule in

agreement with Ref. 11.

u3 1 2 5 10 15 20 d3

Rg
2~0! 110.5 111.1 113.0 116.0 118.7 121.3 0.0360.01

Rg
2~`! 1.40 2.10 3.32 4.96 7.14 9.63 0.6360.07

tm 3.57 6.40 17.3 38.0 62 85 1.0760.05
tt 4.55 9.62 35.5 90.7 154 227 1.3360.05
tf 0.745 2.07 8.05 20.6 34.7 53.8 1.4260.03
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rimeter in the scientific attack on the heteropolymer and
biopolymer problem.

Finally we would also comment that there are other pos-
sible applications of our method. For example, the kinetics of
gels, networks or fragile glasses may offer opportunities for
future applications. In addition, the type of example we study
could equally well have emerged from a quantum path-
integral calculation for an isolated electron in a solvent that
induces a trajectory with certain effective interactions. In the
case of electron localization the wave function may be con-
ceived instead in terms of a path-integral, and then the basic
machinery that we describe here can be used to study the
kinetics of localization or electron transfer after a rapid
change in the environment. Such issues will be discussed by
us elsewhere, but possibly others with a tradition in these
fields will find this an interesting pursuit.
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APPENDIX: RING VS OPEN POLYMERS IN THE
GAUSSIAN SELF-CONSISTENT METHOD

In this Appendix we generalize our treatment of Sec. II
to include both ring and open polymers. Thus let us consider
in parallel two homopolymers, one of which is a ring consti-
tuted ofNr beads and another one is open withNo beads. For
a ring polymer one has cyclic boundary condition
xn1Nr

5xn for all n, while there is no special restriction on
the conformations of open polymer. However, to treat the
open polymer it is useful to formally introduce the fictitious
beads with the chain indicesn521 andn5No , such that
their positions satisfy the discreet Neumann boundary condi-
tionx215x0 andxNo 5 xNo21.

We begin with a mathematical question about the proper
definition of the independent modes. Let us introduce the
following notations:

Ring
f n

~q!5exp~ i2pqn/Nr !,
e~q!524 sin2~pq/Nr !,

gq51,

Open
f n

~q!5cos~pq~n11/2!/No!,
e~q!524 sin2~pq/2No!,

gq522dq0 .
~A1!

Then the Fourier transform may be defined in the general
form

xq5
gq

N (
n50

N21

f n
~q!xn , xn5 (

q50

N21

f n
~2q!xq , ~A2!

whereN5Nr , No for ring and open polymer respectively.
Indeed, f n

(q) may be treated as eigenfunctions and ase(q)

eigenvalues of the discreet second derivative operatorD,

D f n
~q![ f n11

~q! 1 f n21
~q! 22 f n

~q!5e~q! f n
~q! ~A3!

with corresponding boundary conditions. Thus the set
$Agq /Nfn

(q)% is a complete and orthonormal basis. For ring
polymers this basis is well known, whilst for open polymers
its properties can be easily established using the relation con-
necting it with the Chebyshev polynomials

f n
~q!5Un~ f 1

~q!!2Un21~ f 1
~q!!, ~A4!

Un~x!5~12x2!21/2 sin~~n11!arccosx!. ~A5!

There is a fundamental distinction between ring and
open polymers due to topology. This, however, is irrelevant
as long as we consider only phantom chains. The Gaussian
self-consistent method may be developed for open polymers
in quite a similar manner to rings. The important point is
that, strictly speaking, the effective potential should be non-
diagonalDVqq8 there, whilst its diagonal property is exact
for rings. It is well established that, at equilibrium, the values
of the universal exponents are different in the middle of the
chain and near the ends.3 The difference however is rather
small and could not be deduced at the mean-field level,
which our approach actually represents. We have explicitly
checked in simulations that no end-effects dominate kinetics.
Thus in our method it is sufficient to keep only the diagonal
elements of the effective potential for sufficiently long
chains. Physically, this is equivalent to the property that the
spatial correlationŝ~xm2xm8!

2& depend only on the differ-
enceum2m8u. It is known that this is valid for finite chains
when um2m8u is sufficiently large. In other words, neglect
of the nondiagonal elements affects only properties of the
chain at short distances and does not change any of its global
characteristics such as the radius of gyration. The bigger the
chain length the better the precision of the diagonal method.

Bearing in mind these reservations, the self-consistency
equation~7! remains valid for both cases. The effective po-
tential may be written in terms of the mean energy~14! as
follows:

DVq5
2

3

]^V&
]F q

. ~A6!

Formula ~9! for the matrixD(L21) is also valid. However,
formulas for the friction,zq , connectivity coefficients,kq ,
and connection~10! between the spatial correlations and the
Fourier modes should be generalized,

zq5
N

gq
zb , kq5

N

gq
kue~q!u, ~A7!

Dnn8,nn85 (
q51

N21

dnn8
~q!
F q , dnn8

~q!
5u f n

~q!2 f n8
~q!u2. ~A8!

Similarly, the squared radius of gyration is given by,

Rg
25

1

g1
(
q51

N21

F q . ~A9!

The crucial observation is that the spatial correlations for
open polymer may be decomposed,
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Dmm8,mm85
1
2 D um2m8u1

1
2 Cmm8 , ~A10!

D um2m8u54 (
q51

No21

sin2
2pq~m2m8!

No
F q , ~A11!

Cmm85 (
q51

No21 S 2 cos2pq~m1m811!

No

2cos
2pq~2m11!

No

2cos
2pq~2m811!

No
DF q . ~A12!

The first termD um2m8u is analogous to the expression for the
spatial correlation of ring polymer. The sum in the second
term is rapidly oscillating and for largeNo is negligible.
Hence at the level of our mean-field approximation open and
ring chains become equivalent for sufficiently large degrees
of polymerization.

Note that for ring polymers only half of the Fourier
modes are independent due to the relationF Nr2q5F q .
This, together with explicit formulas~A1!, allows one to
establish a connection between ring and open polymers for
large degrees of polymerization satisfying condition
Nr52No . Given that their connectivity constants and virial
coefficients are in the relations,

kring5kopen, uL
ring5212LuL

open, ~A13!

the radii of gyration and spatial correlations of both chains
will be equal. This statement is valid at equilibrium as well
as for kinetics. It generalizes the well known observation that
ideal ring chains are more compact than open ones with the
equal number of units,4 Rg

ring 5 Rg
open/&. As we have seen it

is more natural to compare ring chains with twice as many
units as open ones and appropriately redefined virial coeffi-
cients~A13!.
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