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Abstra
t

We dis
uss some re
ent theoreti
al studies of the kineti
s of the


ollapse transition in homopolymers. An isolated polymer is modelled

using 
omputer simulation, and a time{dependent mean �eld theory.

The mean{�eld theory is analysed analyti
ally for early stages, and for

short polymers the equations are studied numeri
ally. The results of

simulation and theory are 
ompared yielding, we argue, a 
onsistent

physi
al pi
ture. Quantitative 
omparisons are not yet given, but

seem relatively promising.
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1 Introdu
tion

We here dis
uss some re
ent ideas on the kineti
s of syntheti
 polymers and

biopolymers su
h as proteins and DNA that have emerged as a result of

simulation, theory and experiment. There are, of 
ourse, di�erent behaviours

between these di�erent systems, but in our dis
ussions we shall emphasize

the elements that unify them.

The basi
 problem is well known. Thus, as a fun
tion of temperature,

salinity, or some other su
h parameter it is possible to 
ause the polymer

to undergo a pre
ipitous 
hange from an open extended state to a 
ollapsed

globular form. However the kineti
 pro
esses and laws that govern this tran-

sition have long been a subje
t of interest, and to a large degree, un
ertainty.

Various resear
hers have striven to elu
idate the protein folding transition us-

ing spin{glass methods [1℄ and others [2℄, mainly fo
ussing on the equilibrium

aspe
ts of the problem. Others have sought to approa
h the problem less di-

re
tly, in the belief that a 
omplete understanding of the 
ollapse kineti
s of

homopolymers will be invaluable in elu
idating the pro
ess for more 
omplex

biopolymers. Thus in the last few years, various laboratories have begun

to make progress in understanding the kineti
s of the simple homopolymer


ollapse using simulation [3, 4℄ and theory [5℄ though experimental progress

[6, 7℄ has been slower.

In this paper we shall dis
uss the results of some re
ent 
al
ulations using

simulation and theory. The basi
 kineti
 stages are dis
ussed at both quali-

tative and theoreti
al levels, 
on�rming the predi
tions of various simulation

studies. In parti
ular we believe that there are universal kineti
 exponents

asso
iated with these phenomena, and we [5℄ and others [4℄ have attempted

to 
al
ulate them. We also make a brief 
omment on the state of the exper-

imental work that aims to 
on�rm these theories.
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2 Method

We begin by noting that two previous papers [8, 5℄ 
ontain details of some

of the basi
 notations that we shall rely on here, and so our main fo
us will

be on re
ent results.

In all our theoreti
al and simulation work we assume that the system

may be des
ribed using the Langevin equation, possibly in
luding hydrody-

nami
 intera
tions. In addition we assume a model su
h as that dis
ussed

some time ago by the s
hool of Edwards [9℄. Thus, we have repla
ed a

Kuhn length segment by a bead and spring, re
e
ting the statisti
al inde-

penden
e of su

essive units, and assumed that e�e
tive intera
tions between

the polymer units, in
luding solvent intera
tions, 
an be represented by van

der Waals intera
tions for simulations and a viral expansion in the 
ase of

theoreti
al 
al
ulations. One may regard the virial expansion, expressed in

terms of a series of delta fun
tions, as being equivalent, at long length s
ales,

to the van der Waals potential intera
tions where the virial 
oeÆ
ients be-

tween beads are 
al
ulated and �xed to 
ause a Flory 
oil, theta or 
ollapsed

globule to be stable. From the point of view of theory it is 
onvenient to

work in the spa
e of the Fourier transformed variables where, we empha-

size, the index refers to momenta 
onjugate to the internal metri
 of the


hain, rather than the physi
al spa
e in whi
h the polymer is embedded, and

moves. We de�ne these variables using 
y
li
 boundary 
onditions in whi
h,

x

m+N

= x

m

; m = 0; : : :N � 1. This leads to the Fourier series,
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The equations for open polymers di�er from those for 
y
li
 polymers in

minor ways. In all 
ases we des
ribe the 
onne
tivity of the 
oil in terms of

a spring term whi
h is written,
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To this we add the e�e
tive intera
tions,V

(b)

, that represent polymer-unit{

polymer-unit, polymer{solvent and solvent{solvent intera
tions. For the pur-

poses of simulation we may represent this as the Lennard{Jones potential,
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and we have 
al
ulated the virial 
oeÆ
ients, u

n

, for n = 2; 3 by integration

of the appropriate expressions

u
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= �

Z

dr f(r) ; u

3

= �

1

3

Z

dr dr

0

f(r)f(r� r

0
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0

) ; (4)

f(r) = 1� exp
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V

(b)
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k

B
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!

: (5)

In our simulation we 
an therefore �rst equilibrate polymers in the Flory

state, then 
hange the sign of u

2

, and 
al
ulate the non{equilibrium averages

representing the kineti
s of 
ollapse. These potential intera
tions are useful

for simulations, but overly detailed for the purpose of theory, so they may

be further simpli�ed by �rst rewriting in terms of the density operators, and

then reexpressing these in terms of the delta fun
tions, assuming that the

�nite size of the beads may be negle
ted. The result, in
luding up to two-

and three{body intera
tions is,
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where u

2

; u

3

are virial 
oeÆ
ients and m 6= m

0

6= m

00

.

We a

ept in this work that the problems we study are well represented

by the Langevin equation whi
h may be written in terms of the transformed

variables as,
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where hydrodynami
 e�e
ts may be in
orporated via H

��

0

q q

0

, the Oseen hydro-

dynami
 intera
tion tensor, and the noise has the se
ond order 
orrelation

fun
tion,

h �
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q
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This mobility tensor des
ribes the relation between generalised velo
ities and

for
es v

�

n

=

P

�
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n
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H
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0
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0

F
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0
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.

We have de
ided to begin our studies by negle
ting the hydrodynami


e�e
ts, and therefore we shall assume a diagonal mobility tensor in whi
h,
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; (9)
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and �

q

= � N . The reasons are partly pra
ti
al in the sense that it is impor-

tant to understand the basi
 phenomena for a simple 
hain before introdu
ing

further 
ompli
ations. However, there is in any 
ase, reason to believe that

the basi
 pi
ture is un
hanged by in
lusion of the Oseen terms [3, 8, 5℄.

The Gaussian self{
onsistent approa
h involves introdu
tion of a time {

dependent e�e
tive potential, �V

q

(t), via the Gaussian sto
hasti
 ensemble,

�
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that may be 
onsidered as an approximation to the exa
t equations (7,8).

Let us introdu
e the following 
orrelation fun
tions,
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and also the Fourier transformed fun
tion
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= 2 � 2 
os
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N

. We assume spa
e{isotropi
 initial 
onditions

and 
onsequently all spa
e 
omponents give equal 
ontributions.

In referen
e [5℄ we have derived the non{equilibrium equations of motion,
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onsistent potential is determined from the equation
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where m

1

= m�m

0

, m

2

= m

00

�m

0

and û
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One 
an derive a relation that is equivalent to the di�erential equation (15),
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where the Green fun
tion is de�ned as,

G
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q
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Equations (17) and (20) may be solved numeri
ally and are analysed later in

this paper.

3 Kineti
s a
ross the 
ollapse transition

from simulation and theory

Here we intend to present some results that have been obtained from simula-

tion and theory, and dis
uss the degree of 
orresponden
e between them. Let

us begin by saying that, so far, the only agreement that we have established

between the two approa
hes is of a qualitative nature. We shall 
omment on

this later, and give reasons for it.

Firstly, the simulations indi
ate that there may be at least two kineti


stages following a rapid quen
h into the 
ollapsed globule region of the phase

diagram. Thus, at early stages we �nd spontaneous formation of small lo
ally


ollapsed globules, in agreement with the works of referen
es [3, 4℄. We be-

lieve that these globules, possess some average period along the metri
 of the


hain that depends on the depth of the quen
h and other parameters of the

system. This pi
ture originates from a short{time analysis of the equations

(15,17) where we �nd that a sort of spinodal de
omposition in the metri
 of

the 
hain is predi
ted. This is an interesting and novel phenomenon be
ause,
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here, the unstable modes 
orrespond to a range of q-values, where q is the

momentum index 
onjugate to the residue number, n. In the simulations

these globules grow rapidly, 
onsuming the sla
k 
hain that 
onstitutes the

Flory 
oil, that is distributed around about them. In Fig. 1 we exhibit an

instantaneous 
on�guration from the simulation for an open polymer. The

sla
k polymer of the Flory 
oil state has been gathered into lo
ally 
ollapsed

globules that grow as a fun
tion of time, as the overall radius of the polymer


hain de
reases. However, when the ex
ess 
hain is 
onsumed, and indeed

this o

urs quite rapidly, we �nd that the small 
ollapsed globules must now

grow against the tension of the 
hain, in
luding restraining terms that arise

from the 
hain entropy. This produ
es a slowing in the rate of 
ollapse, ob-

servable as the 
ommen
ement of the se
ond regime. We may also note that

this \tense" 
hain of lo
ally 
ollapsed beads may be expe
ted to have an ef-

fe
tive Flory exponent at short distan
es ( � = 1=3 ) and another exponent,

re
e
ting a more linear state (probably � = 1) at longer distan
es along the


hain. Besides the simulation results in the theory we may see many of these

basi
 phenomena in our study of the self{
onsistent equations, (17,20).

To understand the early time phenomena we may 
onsider linearization

of equation (15), with parameters û

0

2

< 0, û

3

> 0 appropriate for a 
ollapsed

state, around the initial Flory state with û

2

> 0, û

3

> 0. This sort of analysis

has been dis
ussed in more detail in referen
e [5℄, whi
h the interested reader

may 
onsult for mathemati
al details. We assume that the initial state before

the quen
h is at equilibrium, and therefore F

q

satis�es the equilibrium equa-

tion. Then we suddenly 
hange the se
ond virial 
oeÆ
ient by the amount

�û
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= û

0

2

� û

2
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onsequen
e of the quen
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evolve away from the equilibrium Flory 
oil. At small times the deviation

�F

q

(t) from the initial value F

(e)

q

[û

2

; û

3

℄ is small and one may linearize the

equation near the initial equilibrium state. The resulting linear equation may

then be analysed to determine the early stages of kineti
s. For small t the

solution may be sought for in the form
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q
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q

(1� e
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(22)

be
ause the deviation at the initial moment �F

q

(0) must vanish. We �nd

the following expressions
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where the standard notations

B

m

=

X

q

d

qm

B

q

; B

m

1

m

2

=

X

q

e

q m

1

m

2

B

q

have been used.

These formulae may be subje
ted to straightforward numeri
al study. We

work in terms of dimensionless variables. The plot of the �rst 
orre
tion, B

q

,

is presented in the Fig. 2. This quantity is always negative indi
ating that

the size of the system de
reases during the 
ollapse transition. The se
ond


orre
tion C

q

however 
hanges sign for some range of q for given û

0

2

, û

3

. The

negative region 
orresponds to an instability where the appropriate modes

grow exponentionally fast. The only term in (24) that 
ontributes to the

instability at suÆ
iently small q is the one that is linear in u

0

2

. A separate

and positive, 2-body 
ontribution, 
omes from the term proportional to��u

2

though it is mu
h smaller in magnitude in this region of q. In Fig. 3 we

present a typi
al plot of the �

q

dependen
e. One 
an see that the instability

disappears if u

0

2

is suÆ
iently small or u

3

is suÆ
iently large 
ompared to u

0

2

.

For the quen
h regime with unstable growth we 
an see that there is a

pro
ess akin to spinodal de
omposition. Thus, at this early stage of exponen-

tial growth we �nd that, with in
reasing time, the modes with wavelengths

between the shortest and the least unstable 
ontribute in
reasingly to the


on�guration of the 
ollapsing polymer leading, �nally, to a 
hain of lo
ally


ollapsed globules.

Another approa
h is to numeri
ally solve the self{
onsistent equations

(20,17). This has an obvious advantage that it is valid for arbitrary times,

and thus allows one to probe all stages of the 
ollapse. However the solution

of su
h nonlinear equations is a signi�
ant 
omputational task for polymers

with realisti
 degree of polymerization.
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To begin with we take a positive u

2

and �nd �V

q

(0) andF

q

(0) = k

B

T=�V

q

(0)

as solutions of the equilibrium self{
onsisten
y equation. Then at the next

time step we 
hange to a new negative value of the se
ond virial 
oeÆ
ient,

u

0

2

, and evaluate the fun
tions �V

q

(t) and F

q

(t) iteratively at ea
h further

time step as solutions of the time{dependent equations. Finally, after some

number of steps the system tends to the new equilibrium state 
orrespond-

ing to a 
ollapsed globule. In Fig. 4 we present both the initial and the �nal

distributions of �V

q

. From the s
aling �V

q

/ (q=N)

2�

at small q one 
an

extra
t the exponent � that is 
onne
ted with � as � = � � 1=2. Initially

we �nd a fair

1

agreement with the Flory value � = 3=5 for suÆ
iently large

polymers, but the �nal value is somewhat larger than the expe
ted � = 1=3

for the degrees of polymerization that we 
onsider.

In Fig. 5 we plot the radius of gyration square R

2

g

(t) =

1

2N

2

P

nn

0

h(x

n

(t)�

x

n

0

(t))

2

i against time. The overall 
hange of this quantity may be roughly

estimated as R

2

g

(0)=R

2

g

(1) / N

2 (3=5�1=3)

. The time evolution of the 
orrela-

tion fun
tion D

m

(t) is shown in Fig. 6. For a quantitative analysis it is more

appropriate to 
onsider the 
orrelation fun
tion of the Fourier modes. Let us

de�ne the time dependent exponents, �(t), by the s
aling law F

q

(t) / q

�2�(t)

and 
al
ulate �(t) independently for small and large values of q [10℄. We

know that the small-q limit gives the 
hain 
onformation at large distan
es

along the 
hain, whilst large-q determines the 
onformation of beads that

are 
lose to ea
h other on the 
hain. For the large-q modes the exponent,

presented in Fig. 7, very rapidly rea
hes a value smaller than the �-point

one. This 
orresponds to a rapid lo
al 
ollapse. The behaviour at small q,

whi
h we draw in Fig. 8, is quite di�erent. Firstly, the exponent qui
kly

in
reases from the Flory value up to a maximum, and only then gradually

tends to the 
ollapsed limit. Note that these 
hanges pro
eed rather qui
kly


ompared to the total 
ollapse time. This may be interpreted as formation

of the blobs during the �rst kineti
 stage. The blobs rapidly be
ome quasi{


ollapsed within (large q) and at large distan
es (small q) the 
hain has the

appearan
e of an extended, nearly linear obje
t. This pi
ture is 
onsistent

1

There are reasons to believe that the present model is not physi
ally well motivated at

the latest stages of the 
ollapse. The most obvious problem is that the self{entanglements

e�e
ts be
ome signi�
ant at late stages and also higher orders of the density operators

must be in
luded in the potential. We may also note (see referen
e [10℄) that the Gaussian

ensemble itself has problems representing a true Flory 
oil for N !1, in the absen
e of

a 
ut{o�.
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with both the results of simulation (see Fig. 1) and analysis of the linearized

equation, but for better numeri
al determination of the exponents one would

need to 
onsider mu
h larger polymers.

We see that further relaxation of the \tense" state must now pro
eed more

slowly involving motions of rather large obje
ts towards ea
h other. We 
all

this the 
oarsening stage, by analogy with the pro
esses a

ompanying a


lassi
al �rst{order phase{transition. This phenomenon is represented in the

self{
onsistent equations by the slow 
onvergen
e of the e�e
tive short- and

long{distan
e 
hain exponents to the 
ollapsed values of � = 1=3.

Also, during this kineti
 stage, in the simulation it is possible to 
al
ulate

lo
al properties of the 
hain with relatively good statisti
s. In parti
ular the

growth of the lo
ally 
ollapsed globules (
ontaining S units) as a fun
tion

of time appears to be well represented by a power law, S = A t

z

, with z a

universal exponent. We have not yet been able to 
al
ulate this property from

the self{
onsistent equations, but it is probably possible to do so. Thus, we

believe that the 
rossover from small to large-q behaviour should be relatively

sharp for long 
hains, and that this 
rossover sets the s
ale for the blob size

[10℄. This blob size is essentially s, and one should be able to 
al
ulate its

time dependen
e.

In fa
t, it is 
lear that simulation is rather reliable for lo
al 
hain proper-

ties be
ause the sample statisti
s is relatively good, whereas it is not as sat-

isfa
tory for gross properties. On the other hand the self{
onsistent method

does not su�er from these limitations, though until now it has only been

solved for relatively short 
hain{lengths. Given this it is diÆ
ult to make

a �rm quantitative 
onne
tion between all aspe
ts of the theories. However

the rapid 
ollapse at short length{s
ales and strightening on long lengths

exhibited by the e�e
tive exponents of Figs. 7, 8 is very en
ouraging, sin
e

it implies the same physi
al pi
ture as that given by simulation (see Fig. 1).

4 Con
lusion

We have argued that there are two identi�able kineti
 for an isolated Flory


oil undergoing 
ollapse to a globular state. In the early stages the 
hain


ollapses at short lengths very rapidly exhibiting a form of spinodal de
om-

position. This 
auses formation of lo
ally 
ollapsed globules, distributed

along a relatively rigid rod{like stru
ture. After this early stage a mu
h
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slower 
oarsening pro
ess 
ommen
es and it is believed that the kineti
s has

a power{law dependen
e.

From ours, and 
al
ulations of other groups one believes that there are

still longer time pro
esses, not dis
ussed here [11℄. The question of whether

we are likely to be able to observe the pro
ess des
ribed in the present work

in experiments is not yet answered. Some preliminary observations, and 
om-

ments are given in another paper presented at this 
onferen
e, [12℄, but more

work is required to make the pi
ture 
lear. We may note that the initial stage

of 
ollapse is expe
ted to take many mi
rose
onds, and the se
ond stage may

o

ur over a period of one se
ond, for long lolymer 
hains. However, there

are numerous 
ompli
ations. Firstly, interpolymer intera
tions at moderate


on
entration may 
ause aggregation, or weaker asso
iations. The growth of

these may 
ompli
ate any kineti
 pulse{probe experiment [7, 12, 13℄. Never-

theless, it seems likely that the matter 
an be fully elu
idated by the varied

e�orts of a number of groups. This a

omplished, the way would be opened

for a dire
t atta
k on the kineti
 laws of biopolymers if, indeed, there are

general law to be determined. This promises to be a most interesting �eld of

study.
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Figure Captions

Fig. 1.

Single 
on�guration of a polymer undergoing 
ollapse from Langevin

simulation. Further 
ollapse is o

uring by a 
luster{
luster 
oars-

ening me
hanism.

Fig. 2.

Plot of the 
oeÆ
ient of the �rst 
orre
tion, B

q

, to the equilibrium

expe
tation value F

q

in arbitrary units for degree of polymeriza-

tion N = 1000.

Fig. 3.

Plot of the inverse de
ay rate �

q

versus q for degree of polymer-

ization N = 1000. Negative values 
orrespond to a region of

instability in whi
h modes grow exponentially.

Fig. 4.

Plots of the self{
onsistent potential �V

q

(t) versus q at the Flory

state (solid line) with � ' 0:62 and after 
ollapse (dashed line)

with � ' 0:43 for the degree of polymerization N = 30. Values of

the virial 
oeÆ
ients in dimensionless units are u

2

= 50, u

3

= 0:5

and u

0

2

= �5.

Fig. 5.

Time dependen
e of the radius of gyration square during the 
ol-

lapse transition for the degree of polymerization N = 30. Val-

ues of the virial 
oeÆ
ients in dimensionless units are u

2

= 50,

u

3

= 0:5 and u

0

2

= �5.

Fig. 6.

Plots of the 
orrelation fun
tion D

m

(t) versus m at various time

steps: t = 0 (solid line), t = 100, t = 1000 and t = 3864 (fully


ollapsed) for a ring polymer of the degree of polymerizationN =

30. Values of the virial 
oeÆ
ients in dimensionless units are

u

2

= 50, u

3

= 0:5 and u

0

2

= �5.
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Fig. 7.

Time dependen
e of the exponent 2�(t) found from a power �t-

ting of the 
orrelation fun
tion F

q

(t) / q

�2�(t)

at the large q

region. Degree of polymerization is N = 80 and values of the

virial 
oeÆ
ients in dimensionless units are u

2

= 50, u

3

= 0:1

and u

0

2

= �5.

Fig. 8.

Time dependen
e of the exponent 2�(t) found from a power �t-

ting of the 
orrelation fun
tion F

q

(t) / q

�2�(t)

at the small q

region. Degree of polymerization is N = 80 and values of the

virial 
oeÆ
ients in dimensionless units are u

2

= 50, u

3

= 0:1

and u

0

2

= �5.
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