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On the conformational structure of a stiff homopolymer
Yu. A. Kuznetsov and E. G. Timoshenkoa)

Theory and Computation Group, Department of Chemistry, University College Dublin, Belfield,
Dublin 4, Ireland

~Received 21 August 1998; accepted 2 June 1999!

In this paper we complete the study of the phase diagram and conformational states of a stiff
homopolymer. It is known that folding of a sufficiently stiff chain results in formation of a torus. We
find that the phase diagram obtained from the Gaussian variational treatment actually contains not
one, but several distinct toroidal states distinguished by the winding number. Such states are
separated by first order transition curves terminating in critical points at low values of the stiffness.
These findings are further supported by the off-lattice Monte Carlo simulation. Moreover, the
simulation shows that the kinetics of folding of a stiff chain passes through various metastable states
corresponding to hairpin conformations with abrupt U-turns. ©1999 American Institute of
Physics.@S0021-9606~99!51532-8#
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I. INTRODUCTION

Conformational transitions of semiflexible polyme
have been of considerable interest for analytical studie1–5

and computer simulations6–8 recently. Polymers can posse
different degrees of flexibility and their persistent lengthl is
one of the key parameters that determine
conformation.9,10 For example, for polystyrenel.1.4 nm,
which corresponds to about 5 chain bonds, whereas for
double helix DNAl.50 nm, i.e., about 150 base pairs.

The equilibrium9,10 and kinetics of folding11–13of a flex-
ible homopolymer~l50! are relatively well understood a
present. It is believed that in a wide range of interact
parameters the equilibrium collapse transition is continuo
As the persistent length increases the extended coil beco
larger with the swelling exponent changing smoothly fro
that of the Flory coiln53/5 to that of a rigid rodn51. The
collapse transition of a semiflexible homopolymer on go
from the good to the poor solvent regime remains continu
at first, but starting from some critical value ofl becomes
discontinuous.9,3 Such a change of the nature of the transiti
actually reflects a profound restructuring of the collaps
globule. Thus, instead of forming a nearly spherical liqu
like globule a sufficiently stiff chain has no point of ea
bending so that it wraps around itself forming a torus. Su
structures have been observed a number of times experim
tally for DNA molecules14 and were studied theoreticall
from different points of view15 starting from a pioneering
work.16

In works Refs. 5,3 it has been noted that for a giv
degree of polymerization the toroidal conformation exists
a region starting from some value of stiffnessl and in a
limited interval of the solvent quality. In Ref. 3 based on t
Gaussian self-consistent~GSC! method we have studied th
equilibrium phase diagram and kinetics of conformatio
transitions after various quenches. Importantly, both tra

a!Author to whom correspondence should be addressed. Internet: h
darkstar.ucd.ie; electronic mail: Edward.Timoshenko@ucd.ie
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tions coil-to-torus and torus-to-globule are discontinuo
and thus there are associated regions of metastability.
results in a rather complex kinetic picture of expansion
folding, essentially dependent on the quench depth. In
work we have also mentioned that there seemed to be s
additional minima of the free energy, the study of which h
been deferred until the current paper.

In Ref. 17 we have shown that at equilibrium the GS
treatment precisely reduces to the Gibbs–Bogoliubov va
tional method with a generic quadratic trial Hamiltonia
However, in the extended variational space care should
taken while finding the true free energy minima as the
seem to be sensitive to the limitations of the underlying po
mer model. The current model with a virial-type expansion
believed to have problems at high densities. Thus we s
re-examine the phase diagram of a semiflexible chain her
a more systematic and accurate manner.

Despite a relative ease for analytical theories to obt
the toroidal conformation, computer simulations have be
less successful so far. In Ref. 7 an attempt was made
include the bending energy into Monte Carlo simulation in
lattice model of Ref. 18. Although a number of metasta
states corresponding to conformations with hairpin and cr
talline conformations were observed, the true equilibriu
state corresponding to the torus was not possible to obt
These difficulties are due to a number of circumstanc
First, a toroidal conformation appears only for sufficien
long and stiff chains. However, the relaxation times for the
become enormous and the equilibrium state is hard to re
during a limited simulation time. Second, the lattice its
introduces a number of unfortunate artifacts. This is beca
the rotational symmetry is broken, so that the chain segm
can lie only along a number of allowed directions, and th
weak bendings are simply impossible. So, the chain for
conformations with long straight sections which then poss
a U-turn, resembling a hairpin. Such abrupt turns, howev
produce a considerable energetic penalty, so that the co
sponding states have a higher free energy than the true m
mum. Depending on the particular type of the lattice mo
://
4 © 1999 American Institute of Physics
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used the true minimum may still be a misshapen torus, o
the smallest and only bendings are 90°, one would exp
instead a kind of a solidlike crystalline ordering.19,6 Even
though a kind of torus may be possible in the model w
links along 2D and 3D diagonals,18 such a state would be
extremely hard to reach due to the lack of collective mo
and a huge number of metastable minima in which the s
tem would tend to be trapped. Interestingly, in a recent pa
Ref. 8 a simulation in the bond fluctuation model, which
intermediate between the lattice and continuous space m
els, has exhibited a toroidal, though imperfect, structure~see,
e.g., Fig. 7!.

One attractive possibility is to use Langevin or Mon
Carlo simulations in continuous space instead, although
would require much longer computations. Here we shall
a fairly standard Monte Carlo off-lattice technique for a ri
homopolymer chain.

Thus, the main objective of this work is by using bo
the Gaussian variational and Monte Carlo techniques to
tain a more accurate phase diagram of the homopolyme
terms of the stiffness and the solvent quality and to elucid
the conformational structure of corresponding thermo
namically stable as well as possible metastable states.

II. TECHNIQUES

A. Gaussian variational method

The Gaussian variational method is based on minimiz
the Gibbs–Bogoliubov trial free energy,A[E2TS, with re-
spect to the full set of variational parameters. Here these
the mean-squared distances,Dmm8[(1/3)^(Xm2Xm8)

2&, be-
tween monomers numberm and m8 (m,m850,... ,N21,
where N is the degree of polymerization!. For a ring ho-
mopolymer the matrixDmm8 is translationally invariant
along the chain,Dmm8[Dk , wherek5um2m8u.

Using the de Gennes–des Cloizeaux–Edwards be
and-spring model9,10 of the homopolymer with the volume
interactions represented by the virial-type expansion, one
obtain the following entropic and the energe
contributions:3,17

S5
3kB
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where we have also introduced the normal modesFq and the
mean squared radius of gyration of the chainRg

2 .
Analogously to Eqs.~8!–~11! of Ref. 3 the first term in

Eq. ~2! is the elastic energy of springs and the second term
the bending energy, withl andl being the statistical and th
persistent lengths of the chain, respectively. Note that th
formulas correspond precisely to the Kratky–Porod mode
taking the stiffness into account by adding the integral alo
the chain of the squared curvature.20,21

In Refs. 17 and 22 we have discussed that the appl
tion of a virial-type expansion is flawed for the dense glob
lar state. Namely, the model with the two- and three-bo
terms23 in the variational treatment is found to possess
number of pathological infinitely deep free energy minim
This implies that for a sufficiently high density the thre
body term is unable to cope with the increasingly stro
two-body attraction. Introduction of a thermodynamica
subdominant term such as the fourth term in Eq.~2!, Esi , or
the so-called ‘‘thickness’’ term in Ref. 24, fixes the problem
and is also shown to produce a negligibly weak correction
the repulsive and ideal coil regimes. Although attempts
derive such a term from the perturbation and renormaliza
theory have been made~as, e.g., in the latter work!, these
partial fixes are fundamentally inconsistent. Having co
vinced ourselves that for the purpose of the current work
results from such a theory are in satisfactory agreement w
the numerical experiment, we shall accept this proced
here and bear in mind its limitations. Hopefully, a new no
Gaussian theory under development by one of the autho25

may address this problem. It fundamentally deals with t
intermolecular interaction potentials instead of ill-defin
virial expansions, something which the Gaussian variatio
theory can not avoid since the energy averaged over a Ga
ian trial distribution diverges for any singular potential i
volving a hard-core part.

B. Off-Lattice Monte Carlo Simulation

Since the lattice Monte Carlo model18,7 is not suitable
for the study of the effects of chain stiffness for several r
sons, we have carried out the simulation in a continuo
space instead. The disadvantages of the lattice model inc
the rotational anisotropy and tendency for condensed ph
to form some kind of crystalline structures on the lattice19

Thus, to produce toroidal states on a lattice for compa
tively short polymer chains is rather difficult. Another disa
vantage of the lattice model is that the persistence of
polymer chain reduces dramatically the acceptance ratio
the local monomer moves and, thus, other more sophistic
types of moves such as shifts and rotations of chain segm
as a whole are needed.

The model is implemented for a single homopolym
consisting ofN monomers connected by springs in a rin
which additionally interact with each other via a pairwi
short ranged spherically symmetric potential,
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H5
kBT

2l 2 (
m

~Xm2Xm21!21
kBTl

2l 3 (
m

~Xm111Xm21

22Xm!21
1

2 (
mÞm8

V~ uXm2Xm8u!. ~3!

Unlike the GSC theory, where one has to introduce a vir
type expansion representing the pairwise potential, here
use the two-body interaction potential explicitly,

V~r !5H 1` for r ,d

V0S S d

r D 12

2S d

r D 6D for r .d
. ~4!

Thus, monomers are represented by hard spheres of th
ameterd, with a weak short ranged Lennard-Jones attract
of characteristic strengthV0 . During simulation we change
the strength of the two-body attractionV0 , which can be
viewed as basically the ‘‘inverse temperature,’’ rather th
changing the temperatureT itself.

The Monte Carlo updates scheme is based on the
tropolis algorithm with local monomer moves. The new c
ordinate of a monomer can be sought as,qnew5qold1r D ,
whereq stands forx, y, andz spatial projections andr D is a
random number uniformly distributed in the interv
@2D,D#. HereD is some additional parameter of the Mon
Carlo scheme, which, in a sense, characterizes the time s
involved in the Monte Carlo sweep~MCS!, the latter being
defined asN attempted Monte Carlo steps.

In both models we work in the system of units such th
l 51 andkBT51. Additionally we fix the third virial coeffi-
cient in the variational method,u(3)510, and the hard-core
diameter,d51, in Eq. ~4!.

III. EQUILIBRIUM PHASE DIAGRAM FROM THE
VARIATIONAL METHOD

First, let us consider the system behavior upon a qu
static change of the interaction parameters. In Fig. 1
present the plot of the mean squared radius of gyration,Rg

2 ,

FIG. 1. Plot of the mean squared radius of gyration,Rg
2 , vs the second virial

coefficient,u(2), upon a quasistatic change of the latter for ring homopo
mer withN5100. The solid line~diamonds! corresponds to the value of th
stiffness parameterl55, for which the collapse transition is second ord
The dashed lines correspond tol525 and are obtained by going from pos
tive values ofu(2) to negative~pluses! and backwards~quadrangles!. Here
labels ~C!, ~G!, and ~T5!–~T7! correspond to the coil, the globule, an
various toroidal states, respectively.
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vs the second virial coefficient,u(2), at a fixed stiffness pa-
rameter,l. The regime of repulsion and comparatively we
attraction in the right-hand side of the figure corresponds
the extended coil conformation of the polymer with a lar
radius of gyration scaling asRg;Nncoil, where the exponen
ncoil is close to the Flory valuenF53/5 for a flexible chain,
l50, becomes a rigid rod exponentn rod51 for a very stiff
chain, with a crossover in between. Since increasing the s
ness leads to a stronger effective repulsion between mo
mers, the extended phase expands to the region of the n
tive second virial coefficient for higher values of the stiffne
parameter.

For comparatively small values ofl the plot of the ra-
dius of gyration~solid line and diamonds in Fig. 1! is quite
similar to that of the flexible homopolymer at the equilibriu
coil-to-globule transition~see, e.g., Fig. 1 in Ref. 12!, which
is second order. However, at higher values of the stiffn
parameter the collapse transition becomes first order.26 In
this case, after the system has been quasistatically quen
to the region of a higher monomer attraction~line denoted by
pluses in Fig. 1!, the local minimum corresponding to th
coil suddenly disappears becoming an inflexion point som
where in the interval,223,u(2),222, and the system
passes to another free energy minimum with a much sma
value of the radius of gyration. Similarly, upon changingu(2)

quasistatically towards monomer repulsion~line denoted by
quadrangles in Fig. 1!, the free energy minimum disappea
in the interval212,u(2),211, and the system transform
into the coil state. If at least two minima of the free ener
can coexist in some interval of the interaction paramete
the transition point is defined by the condition that the c
rent minimum of the free energyA becomes the deepest on
Observables such as the mean energy,E, the mean squared
radius of gyration,Rg

2 , and the mean squared distances b
tween monomers,Dmm8 , experience a discontinuous jump
such a transition.

It is important to note that upon a quasistatic change
the second virial coefficient towards repulsion~line denoted
by quadrangles in Fig. 1! the mean squared radius of gyr
tion increases in a three-step-like fashion before the
mopolymer expands to the coil. This is a manifestation
some additional condensed phases, which we have den
by labels~T5!, ~T6!, and~T7!. To understand the distinction
between these phases and the conventional globule le
compare the monomer–monomer mean squared distan
Dk , in these phases. These are exhibited in Figs. 2~a! and
2~b!. As we have discussed earlier11,12 for the state of the
extended coil this function monotonically increases on
half-period of the chain. The situation remains similar for t
coil of a stiff homopolymer@line denoted by diamonds in
Fig. 2~a!#.

However, the functionDk is more sensitive to the stiff-
ness in the state of the globule, especially at small value
the chain indexk @compare the line denoted by pluses wi
the solid line in Fig. 2~a!#. At small values ofk the function
is nearly parabolic,Dk;uku2, i.e., the chain represents a
most a rigid rod, reaching a maximum at some value of
chain indexk* . In some intermediate range of the cha
index, 0,k&6k* , one can see about 2–3 oscillations in t

-
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3747J. Chem. Phys., Vol. 111, No. 8, 22 August 1999 Conformational structure of a stiff homopolymer
functionDk , with the amplitude decreasing quickly to stab
lize at some level. At higher values of the chain index
wards half of the chain the function remains constant. Th
we can conclude that for small chain distances the struc
of the globule of a fairly stiff polymer is quite different from
that of the flexible chain. This is easy to understand. Fo
semiflexible polymer chain segments in the globule are
cally straightened on a characteristic scale related tol. As
long as this scale is considerably smaller than the glob
size the shape ofDk remains flat as for the flexible chain
When this scale becomes comparable to the globule siz
few oscillations appear in the mean squared distances.

Transition from the conventional globule to the pha
labeled as~T7! is accompanied by a spectacular change
the function Dk @see line denoted by quadrangles in F
2~b!#. In this phase the function strongly oscillates with t
amplitude decreasing rather slowly towards half of the cha
The ratio of the value ofDk in a maximum to that in a
minimum is about 5–6 near the middle of the chain. T
designation of the phases is done according to the numb
oscillations; in phase~T7! there are 7 oscillations, in phas
~T6! there are 6 oscillations@line denoted by pluses in Fig
2~b!#, and in phase~T5! there are 5 oscillations~line denoted
by diamonds!. We also note that the smaller the number
oscillations the higher is the ratio of the value ofDk in a
maximum to that in a minimum.

FIG. 2. Plot of the mean squared distances between monomers,Dk , vs the
chain index,k, for various conformational states of the homopolymer. In~a!
lines denoted by diamonds and pluses correspond to the coil (u(2)50) and
the globule (u(2)5230) for l525. The solid line corresponds to the glob
ule of flexible homopolymer~l50 andu(2)5225). In ~b! lines denoted by
diamonds, pluses, and quadrangles correspond to the toroidal states w
winding numberNw55, 6 and 7~l525, u(2)5213, 217 and225!, re-
spectively.
-
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We claim that the phases (Tn) correspond to the toroida
conformation with the number of windingsNw5n. The
chain indexk* , where the functionDk reaches its first maxi-
mum, is equal to the number of monomers forming ha
period of the first winding starting from the zeroth monom
Therefore,Dmax5Dk* may be interpreted roughly as th
mean squaredexternal diameter of the torus. By moving
from the monomer numberk* to 2k* the first winding is
completed. However, because of the excluded volume in
action the chain cannot return to the same coordinate, giv
rise in the average to the valueDmin5D2k* , which may be
considered as the mean squaredinternal diameter of the
torus. The winding numberNw is thus precisely the numbe
of oscillations in Dk . The physical reason for a torus
clear—a persistent chain has no desire to bend, so it tend
have as large a radius of curvature as possible, howe
two-body attraction tends to keep quite close packing of
chain.

A quasistatic increase of the repulsion~see line denoted
by quadrangles in Fig. 1! results in transformation of the
conventional globule to the toroidal globule withNw57
windings in the interval,227,u(2),226. This is a rather

FIG. 3. Plot of the mean squared radius of gyration,Rg
2 , vs the stiffness

parameter,l. Lines denoted by diamonds, pluses and quadrangles~from top
to bottom! correspond tou(2)5217, 220 and225, respectively.

FIG. 4. Phase diagram of the stiff homopolymer in terms of the stiffn
parameter,l, and the second virial coefficient,u(2) for N5100. Here (C)
denotes the transition curve between the coil and globular phases,
curves (C8) and (C9) are the metastability boundaries of that transitio
Labels ~T5!–~T7! correspond to toroidal states with the winding numb
Nw55, 6 and 7, respectively. The metastability boundaries of these tra
tions are not depicted.

the
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FIG. 5. Snapshots of typical equilibrium conformations of a homopolymer with the degree of polymerizationN5100 from the off-lattice Monte Carlo
simulation.~a!–~d! correspond to the coil (V050, l55!, the globule of a semiflexible homopolymer (V055, l55!, the globule of the flexible homopolyme
(V055, l50!, and the toroidal globule (V055, l515!.
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weak discontinuous transition. It occurs when the charac
istic scale of straightened segments reaches the size o
globule, and a hole in the center of the globule is form
Transitions between various toroidal states are also first
der, but much stronger since they are accompanied by a
bal restructuring of the polymer conformation.

In Fig. 3 we present the plots of the mean squared rad
of gyration, Rg

2 , upon a quasistatic change of the stiffne
parameterl for different fixed negative values of the seco
virial coefficient,u(2), corresponding to the globule atl50.
The radius of gyration increases monotonically during t
change. The most significant changes occur in the regio
rather small stiffness parameter, 0,l,1/2, and in the region
where the conventional globule transforms to the toroi
state. The second change is associated with a weak first o
transition. Note that the final toroidal state depends on
value of the second virial coefficient. At a weaker attracti
the globule is transformed to a toroidal state with a sma
winding number. However, the transition from the coil to t
toroidal phases upon a quasistatic change ofu(2) ~line de-
noted by pluses in Fig. 1! is quite difficult due to a large
r-
the
.
r-
lo-

s
s

s
of

l
der
e

r

potential barrier, which makes the coil a metastable state
large region of the phase diagram.

In Fig. 4 we present the resulting phase diagram of
stiff homopolymer in terms of the second virial coefficien
u(2), and the stiffness parameter,l. It contains phases of the
coil, where monomer attraction is insufficient to form com
pact states, the globule in the region of either a low stiffn
or a strong monomer attraction, and a number of toroi
phases characterized by distinct winding numberNw . As we
have already discussed above the collapse transition cha
its behavior from continuous to discontinuous starting fro
some value of the stiffness. The globule of a semiflexi
polymer is different in the local structure from that of th
flexible homopolymer, although global scaling character
tics are the same for both cases. The toroidal phases lie in
intermediate region inu(2) starting from some critical value
of the stiffness parameter. Some of such states withNw

52,3,4 are always metastable, while some withNw55,6,7
can become thermodynamically stable.

For a large fixed value of the stiffness parameter
number of toroidal phases increases approximately line
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3749J. Chem. Phys., Vol. 111, No. 8, 22 August 1999 Conformational structure of a stiff homopolymer
with the degree of polymerization,N. For example, the maxi
mal winding numbers atl525 for polymers with the degre
of polymerizationN550, 100, 150, and 200 are equal
Nw54, 7, 10, and 13, respectively.

IV. RESULTS FROM MONTE CARLO SIMULATION

In series of pictures in Fig. 5 we exhibit typical confo
mations in various phases from the off-lattice Monte Ca
simulation. Figure 5~a! corresponds to the extended confo
mation, which for large values of the stiffness parame
takes a form close to a ring. In Fig. 5~b! we draw the back-
bone of a typical globular conformation for the values of t
stiffness parameter not large enough to form a toroidal st
The globule structure here is quite different from that o
flexible homopolymer in Fig. 5~c!. One can see that it con
sists of entangled loops of a radius close to the size of
globule. The function of the mean squared distances betw
monomers here possesses a typical form presented by p
in Fig. 2~a! with significant oscillations on small chain dis
tances, which quickly saturate due to varying number
monomers in each loop. We should also note that the glob
of a stiff homopolymer is not quite spherical, but rather
minds an ellipsoid, either flattened or elongated. Thus,
avoid calling it ‘‘spherical globule’’ as we did in Ref. 3
Increasing the stiffness parameter transforms such a glo
to the toroidal conformation exhibited in Fig. 5~d!.

It is important to note that to produce the globule state
in Fig. 5~b!, or the toroidal state as in Fig. 5~d!, in a Monte
Carlo simulation it is much easier to bring the system firs
the globule of the flexible homopolymer@Fig. 5~c!#, and then
to increase the stiffness parameter quasistatically. If inst
we changeV0 quasistatically at a fixed sufficiently largel
reaching the equilibrium would be difficult. First, as we ha
mentioned earlier, the region of the metastable coil is rat
wide for large values of the stiffness. Second, the sys
may become trapped in a metastable state during such a
cess. Polymer conformation in these states have a typ
form of a hairpin @see Fig. 6~c!#. Here the chain folds a few
times along a nearly straight line forming abrupt U-tur
near the ends. However, these ends contribute more sig
cantly to the bending energy than a uniform slow bendi
Thus, such conformations possess a higher energy and h
are metastable.

Let us consider in more detail the kinetic process
pairpin formation after an instantaneous change of the t
body attraction,V0 , starting from the ringlike conformation
as in Fig. 5~a!. Due to the stiffness the initial ring conforma
tion remains stable for some time. However, due to ther
fluctuations some distant parts of the chain would meet e
other occasionally, so that the chain acquires a shape o
digit ‘‘8’’ as in Fig. 6~a!. If monomers are attractive enoug
parts of the chain would align along each other starting fr
the center towards ends@see Fig. 6~b!#. The process can re
peat itself if the persistent length is shorter than half of
chain. Without performing quite sophisticated collecti
movements of the chain segments it is virtually impossible
proceed further towards the fully collapsed state. The sn
r
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shot in Fig. 6~c! corresponds to 107 MCSs and the system i
still trapped in the same hairpin state.

In a series of pictures in Fig. 7 we exhibit polymer co
formations during the kinetics of folding for a smaller valu
of the stiffness parameter,l55. After a long evolution dur-
ing which the ring remains practically unchanged some lo

FIG. 6. Snapshots of typical conformations of a stiff~l510! homopolymer
with N5100 during kinetics after the quench fromV050 to V055. ~a!–~c!
correspond to the following moments in time:t51.4•106 MCS, t51.6
•106 MCS, andt5107 MCS. Here and in Fig. 7 the maximal attempte
coordinate variance isD50.08.
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FIG. 7. Snapshots of typical conformations of a semiflexible~l55! homopolymer with the degree of polymerizationN5100 during kinetics after the sam
quench as in Fig. 6.~a!–~d! correspond to the following moments in time:t5350 000 MCS,t5800 000 MCS,t5106 MCS, andt55•106 MCS.
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of a size comparable to the persistent length are formed@see
Fig. 7~a!#, which continue to grow by picking up the slack o
the chain and thus forcing a few more loops to form. The
kind of a starlike structure including a few hairpins is pr
duced as in Fig. 7~b!. These hairpins fold onto each oth
producing asausagelikeobject@see Fig. 7~c!#. Further rather
slow kinetic process involves refolding of the sausage wh
is accompanied by its broadening and shortening@see Fig.
7~d!#. Thus, kinetics of folding leads to elongated sausa
like conformations, whereas a similar quasistatic change
the stiffness would tend to produce a flattened rather t
elongated globule@see Fig. 5~b!#.

Finally, let us note that the hairpin conformations ha
not been obtained by the GSC method neither at equilibri
nor even as intermediate kinetic states, although they
present as local free energy minima. This is probably rela
to that in the Gaussian method the monomer–monomer
relation functions are represented by only one param
characterizing the mean squared distances. On the o
hand, the lack of collective moves in the Monte Ca
a

h

-
of
n

,
re
d
r-
er
er

scheme very likely overestimates the stability of hairpin co
formations as metastable or kinetically arrested states.

V. CONCLUSION AND DISCUSSION

In this paper we have completed the study of the ph
diagram of a stiff homopolymer based on the Gaussian va
tional method and have also performed some equilibri
and kinetic Monte Carlo simulations in continuous spa
Compared to the previous work Ref. 3 we have shown h
that the region corresponding to the toroidal globule actua
consists of a number of strips corresponding to tori w
different winding numbers. The transition curves separatin
such states from each other, as well as from the coil and
spherical globule, all correspond to first order transitions a
terminate in critical points. For a given sufficiently large d
gree of polymerizationN there exists a certain number o
different toroidal states, which grows withN approximately
linearly. The distinction between such toroidal states
clearly visible in the function of the mean squared distan
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between monomers, which shows precisely the numbe
oscillations equal to the winding number. The existence
the toroidal states has been also confirmed by an off-lat
Monte Carlo simulation for the similar model of local stif
ness. In addition, hairpin conformations with abrupt U-tur
corresponding to metastable states have been obse
These also appear as nonequilibrium intermediaries du
the kinetics of folding.

We should emphasize that the results in the previ
work ~Ref. 3! at sufficiently strong monomer attractions d
suffer somewhat from the artifacts of the de Gennes–
Cloizeaux–Edwards bead-and-spring model based on
virial expansion. Here, by including theEsi-term introduced
in Ref. 17, we have managed to fix the problem at a pract
level, although its fundamental resolution remains the ma
of future work.25 The changes in the results are as follow
First, the region designated as ‘‘Torus’’ in Fig. 1 of Ref.
expands and covers all of the region designated as ‘‘Sph
cal Globule’’ there~i.e., curves III, III8, III 9 in Fig. 1 of Ref.
3 shift to the left of the axisl50!. Indeed, a slightly oscil-
lating behavior ofDk is only related to the existence of lo
cally straightened sections of the chain, and does not ne
sarily correspond to a torus. Second, the metastable s
which we called T8, T9 and so on in Fig. 6 of Ref. 3 now
become thermodynamically stable in some regions of
phase diagram in Fig. 4. Oscillations of the functionDk for
the true toroidal states are much stronger@see Fig. 2~b!# and
this function never reaches a steady level. Most importan
there are a few distinct toroidal states of a ring polym
separated by first order transitions and distinguished by
winding number. Nevertheless, the main conclusion of Re
that the toroidal conformation exists in a triangularly shap
region of the phase diagram, remains valid. Most of the g
eral conclusions about the stability of the toroidal conform
tion and kinetics of conformational changes of Ref. 3 rem
unchanged too.

We would like to emphasize that the existence of
toroidal states is pretty much related to the choice of
bending energy as the square of the local curvature of
chain. Indeed, such a choice is natural for representing
persistent flexibility of polymers, which is due to rath
small harmonic fluctuations in the bending of the chain s
tions. This mechanism of flexibility is dominant for man
helical or rather stiff chains such as DNA, for which th
toroidal states have been observed experimentally.14

The rotational-isomeric flexibility is also very importan
for many polymers. Such polymer molecules exhibit flexib
ity due to rotation around carbon–carbon and other bonds
the minima of the torsional potential corresponding to
gaucheand trans configurations have the difference in the
depth of aboutkBT. For representing this mechanism of fle
ibility a model with discrete bending angles is more app
priate. Such models, however, possess crystalline solid
states19,6 instead of toroidal ones. Such a difference in co
formational states is genuine in our view and both types
structures are observable experimentally depending on
particular polymer system.

Another important prerequisite for obtaining a toroid
state even in a model with persistent flexibility mechanism
of
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that the processes of interchain aggregation do not oc
otherwise more complicated self-assembled structures
be formed. For instance, aggregation of triple helix collag
molecules leads to self-assembly of various fibrils.
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Unfortunately, in a computer simulation the determination of the orde
transitions and even more so of the full phase diagram requires an e
mous labor Ref. 8. Practically, the boundary of a first order transition
determine here by the condition of equality of the free energy values
f
or-
e
n

both of the competing minima, i.e.,A15A2 . For a second order transition
there is a finite transition width involved and so, to be precise, we de
mine the transition point as the point of the maximal change of a co
sponding order parameterX (Rg

2 in our case!, i.e., dX/dT50.


