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Abstract

The Lagrangian and equations of the gauge model of the fifth fun-
damental interaction are constructed and the corresponding correc-
tions to the Newtonian potential are obtained.

1 Introduction

The hypothesis of the existence of the fifth fundamental interaction is now
widely discussed in connection with certain ambiguous results of laboratory
tests of the Newton’s law of gravitation. The fifth force is broadly viewed
as the set of hypothetical effects that could generate contributions of the
“Yukawa” type to the Newtonian potential. We have proposed a model
of such interaction using the gauge fields of the translational group [1,2].
Its peculiarity in comparison with other affine gauge theories consists in
the construction of a deformation mapping of a space–time manifold and
consideration of material fields on such a manifold.

Let AX be the principal fibre bundle of affine frames with the structural
affine group A(4, R) over the space–time manifold X4. We equip its total
space P with coordinates {xµ, ua, Sµ

a }. Here xµ are the coordinates in X4, ua

are the coordinates of the translation subgroup T4, and Sµ
a are the coefficients

of the linear connection, {Sta} with respect to frame {∂µ}, where {ta} is a
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fixed basis of T4, and S is an element of GL(4, R). Note that {xµ, uµ =
Sµ
au

a} are the coordinates of the affine tangent fibre bundle AT (X). Let a
generalised affine connection be given in AX. Its connection form ω and the
corresponding horizontal fields th on P are of the form

ω = (S−1)aε(dS
ε
b + Γε

µα(x)S
α
b dx

µ)Iba + (dua − Ba
µ(x)dx

µ)Ta,

τh = τµ(x)

󰀕
∂

∂xµ
+Ba

µ(x)
∂

∂ua
− Γε

µα(x)S
α
b

∂

∂Sε
b

󰀖
, (1)

where Iab , Ta are the generators of group A(4, R), Γε
αµ are the coefficients of

linear connection, and Bε
µ(x) = Sε

aB
a
µ(x) are gauge fields of the translation

group. The physical interpretation of the B fields presents some difficulties
because the material fields are sections of linear rather than of affine fibre
bundle. The example of B fields of 3-dimensional translations in dislocation
theory [3] indicates a way out.

In order to give the meaning to the displacement vectors, let us consider
the following mapping ρ of the space P onto the total space Q onto the total
sub–bundle of linear frames Lx over X4 at the points Sε

au
a = uε(x):

(xµ, ua, Sµ
a ) → (γµ(xε; uε(x)− Sε

au
a; 1), 0, Sµ

a ) = (xµ, 0, Sµ
a ),

where γ(x; u; s) is a geodesic passing through x in the direction u and defined
by the linear connection Γ, and u(x) is some section of the fibre bundle
AT (X). The tangent ρ∗ to ρ mapping of a tangent fibre bundle over P to a
tangent fibre bundle over Q transforms the fields (1) on P into the fields

τhQ = τµ(x)
󰀃
δνµ +Dµu

ν(x)
󰀄 󰀗 ∂

∂xν
− Γε

µα(x)S
α
b

∂

∂Sε
b

󰀘
(2)

on Q, where the covariant derivative of the field and u(x) has the form

Dµu
ε(x) = ∂µu

ε(x) + Γε
µαu

α(x)− Bε
µ(x) = σε

µ(x). (3)

Note that it is usual to take the mapping β : (xµ, ua, Sµ
a ) → (xµ, 0, Sµ

a ) of the
space P onto Q at the points Sε

au
a = uε(x) in affine gauge models. At these

points β = ρ, but β∗ ∕= ρ∗. Comparing this to the case B = 0, u(x) = 0,
the mappings ρ, ρ∗ can be interpreted as deformations of X4 manifold. We
should note that by a gauge transformation the translation field u(x) can
always be converted to zero. Therefore, only its covariant derivatives (3) are
physically meaningful.
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Let ϕ be some tensor field on X4 and fϕ be the corresponding tensorial
function on Q. We shall say that ϕ is defined on a deformed manifold X4 if
its differentiation is defined in the form (Dµϕ)(τ) = (dfϕ)(τ

h
Q), where τhQ is

the horizontal (with respect to Γ) lift (2) of the τ = τµ∂µ field. This means
that in field theory the deformation of the manifold can be accounted for
by replacing in the external differentiation operator dxµDµ of the ordinary

covariant derivatives Dµ by 󰁩Dµ = (δαµ + σα
µ)Dα = Hα

µDα.
Let us write out, for example, the Lagrangian of a scalar field:

L(ϕ) =
1

2
[gµνHα

µH
β
ν ∂αϕ∂βϕ−m2ϕ2]

and the action functional and the equations of motion of the point mass:

S = −m

󰁝
[dαβH

α
µH

β
ν u

µuν ]1/2ds,
duµ

ds
+ 󰁨Γµ

αβu
αuβ = 0, (4)

where the values of 󰁨Γ take the form of Christoffel symbols of the Hα
µH

β
ν gαβ

“metric” but ds is defined by the metric g. The Lagrangians of the grav-
itational and electromagnetic fields L(g) and L(A) are constructed in the
usual way, but from the modified tensors Hε

µH
β
νR

ab
εβ of the curvature and

the strength Hα
µH

β
ν Fαβ.

The Lagrangian L(σ) of the gauge field of translations Bε
µ itself cannot

be constructed by the usual rules of Yang–Mills theory, since the Lie algebra
of the affine group does not admit a nondegenerate invariant bilinear form.
But it can be constructed from the values of σν

µ and F α
µν = D[νσ

α
µ]. Under the

condition of positivity of the component T 00
(σ) of the metric tensor energy–

momentum of the field σ, it has the form (a1 > 0, a2 > 0, µ > 0, λ <
µ/4, σµν = gµασ

α
ν )

L(σ) =
1

2
[a1F

µ
νµF

να
α + a2Fµνσ(F

µνσ − 2F νµσ)− µσµ
νσ

ν
µ + λσµ

µσ
ν
ν ].

The sources of the field σ are: the shortened canonical energy–momentum
tensor of material fields

δL(m)

δσµν
= (H−1)νβDµϕ

∂L(m)

∂Dβϕ
= (H−1)νβ(t

β
(m)µ + δβµL(m))

the shortened metric energy-momentum tensor of the electromagnetic field A
and the curvature tensor κ−1Hν

µR
µγ
γε of the gravitational field. But instead of
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the latter, by using the Einstein’s equations, we can substitute its expression
through the metric energy–momentum tensors of matter and the field σ itself.
Then the equation for σ takes the form of

δL(σ)

δσµν
=

󰀗
−
δL(m)

δσµν
− (H−1)νβ

󰀕
T β
(m)µ −

1

2
δβµT(m)

󰀖󰀘
−

−(H−1)νµL(A) + (H−1)νβ

󰀕
T β
(σ)µ −

1

2
δβµT(σ)

󰀖
. (5)

Let us restrict ourselves to the case of a weak field σ, neglecting in the left
part of Eq. (5) the interaction of σ with the gravitational field and torsion,
and in the right–hand side by the members of σ. We obtain

δL(σ)

δσµν
= a1(ηµν∂

εF α
αε − ∂µF

α
αν) + 2a2∂

ε(Fµνε + Fεµν − Fνµε)− µσµν + ληµνσ
α
α.

Let us consider equation (5) in the void. Given the condition

∂ν δL(σ)

δσµν
= −µ∂νσµν + λ∂µσ = 0 (6)

it splits into equations for the antisymmetric ωµν = (1/2)σ[µν] and the sym-
metric εµν = (1/2)σ(µν) (e = σα

α) parts of the field σ:

4a2∂
ε(ωµε,ν + ωνµ,ε − ωνε,µ) + 2a1ωα[ν,µ]α − µωµν = 0, (7)

a1(λ/µ− 1)[ηµν □ e− e,µν ] + 2a1ωα(ν,µ)α − µeµν + ληµνe = 0. (8)

As a solution to equation (7) we choose ω = 0 and as for equation (8), by
using convolution by indices µ, ν, we write it in the form of

□ e+m2e = 0, m2 =
µ(µ− 4λ)

3a1(µ− λ)
,

eµν =
µ− λ

3µ

󰀕
ηµνe−m−2

󰀕
µ− 4λ

µ− λ

󰀖
e,µν

󰀖
.

It admits plane–wave solutions.
In the presence of sources, expression (6) is not equal to zero and, in

general, is not a gradient, so µ ∕= 0. For example, in the case of a point mass
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M , the source in the right-hand side of equation (5) is −(1/2)ηµνMδ(r) and
its stationary centrally symmetric solution has the form

err = −(µ− λ)−1

󰀕
3λe00 +

1

2
Mδ(r)

󰀖
, eθθ = −e00r

2, eϕϕ = −e00r
2 sin2 θ,

1

r2
∂

∂r
r2

∂

∂r
e00 −m2e00 = −1

6

µ

a1(µ− λ)
Mδ(r), e00 = − µM

6a1(µ− λ)r
e−mr.

Substituting this solution into the equation of motion of the test particle (4),
we obtain the correction to the Newtonian gravitational potential:

ϕ′ = ϕ+ e00 = − M

8πr

󰀕
κ − µ

3a1(µ− λ)
e−mr

󰀖
. (9)

Note that the fifth interaction, which gives a contribution to the grav-
itational effects, must be as universal as gravitation. For this, in partic-
ular, its material source can be mass or other components of the energy–
momentum tensor of matter and it must be described by a massive field,
albeit with an unusually small mass. The above gauge model satisfies these
conditions. Thus, the mass m is expressed through the constants µ and
λ in the Lagrangian L(σ), which have the sense of the “elasticity” coeffi-
cients of the space–time manifold and can be considered small enough, but
µ ∕= 0, λ < µ/4.
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