
Simple Models of Biological MacromoleculesE.G. Timoshenko1, Yu.A. Kuznetsov, K.A. DawsonDepartment of Chemistry, University College Dublin, Bel�eld, Dublin 4,IrelandAbstractWe present a brief overview of simple statistical mechanical models of biopolymers such as proteinsand nucleic acids. These are studied by the Gaussian self{consistent method and direct Monte Carlosimulations. The equilibrium phase diagrams and kinetics of conformational transitions betweendi�erent states are elucidated. Amphiphilic copolymers and the persistent homopolymer consideredhere exhibit a remarkable variety of conformational states with a rather complex multistage kineticsof folding from the extended coil into compact globular states.1 IntroductionComplexity and huge size of biological macromolecules [1] makes their modelling and analysis an exteremelyhard if not an impossible task. The helix of DNA which is closed packed into a cell nucleus of only about103 nm size being unwound into a straight line would be about a meter long! This basic molecule of lifecontains all of the relevant genetic information about an individual of a species. Due to rather complexinteractions between its atoms and atoms of other molecules in the chromatin complex DNA forms a verycompact native structure which permits further very e�cient unpacking and replication [1]. Changes ofatom positions (the conformation) of a macromolecule that are accompanied by a signi�cant change in itssize and the degree of packing (the fractal dimension) known by the name of conformational transitionspresent some of the most important mechanisms of how a living cell functions.Another example of conformational transitions is given by the folding of a nascent protein molecule.Proteins [2] perform most of working functions in a cell such as chemical (catalysis of chemical reactionsby enzymes), mechanical (constriction of muscles), electric (transmission of nerve impulses in neurons),structural (robustness and tissue forming) and many others [1, 2]. Despite their variety and versatility,all proteins are build from only 20 types of building blocks (amino acids). A genetic information forproduction of a speci�c protein is stored in the mesenger RNA obtained from the original DNA. Inside aribosome it is translated into a linear chain (primary sequence) of these 20 monomer types according tosimple mapping rules. The outgoing protein chain then undergoes a folding process to produce eventuallya compact globular tetrary structure which is biologically functional. This native state of a protein ischaracterised by essentially unique relative positions of monomers in the globule entirely predeterminedby its primary sequence. Such state by necessity corresponds to the pronounced energy minimum. Howexactly the protein is capable to �nd this state among an astronomically large number of all possibleconformations in a rather short time is a mystery known as the Levinthal paradox.We should also emphasise that one is interested here in the time dependence of tranformations fromone equilbrium structure to another, i.e. in kinetics of conformational transitions. However, in fact, mostof structures present in a cell are not at true equilbrium but rather are metastable states which couldonly be produced by a speci�c kinetic pathway. The non{equilibrium behaviour plays a crucial role inbiology and results in an intiricate variety of states which would be otherwise impossible.Because biopolymers are typically quite large one can use the classical statistical mechanics fortheir description with the mean{force inter{atomic potentials deduced from quantum chemistry. Thecomputational expenses in direct simulation methods such as Molecular Dynamics are huge for even afew base pairs of DNA on the best modern supercomputers even for reaching a nanosecond timescale.Unfortunately, most of conformational changes take microseconds and longer, not mentioning the problemsof maintaining a required temperature and keeping many molecules of the solvent in Molecular Dynamics.Therefore, it seems important to develop coarse{grained methods [3] of non{equilibrium statisticalmechanics that could reliably describe long timescales with a lower spatial resolution, but maintainingthe main conformational properties of the macromolecule of interest. This desciption can be deducedfrom the microscopical theory by introducing larger groups of monomers as new monomers | something1Corresponding author. E-mail: timosh@�achra.ucd.ie 489



very similar to the renormalisation procedure proposed by Kadano� for the Ising model. Having donesuch a procedure once, one may look at the coarse{grained system more phenomenologically by includingonly the main relevant interactions and determining the parameters of the model from experimentallymeasurable properties instead of trying to relate them to the parameters of the microscopic theory.2 The Gaussian self{consistent methodThe main variables in the coarse{grained description of the polymer chain [3] are the spatial monomercoordinatesXn, where n is the monomer number. The solvent molecules are excluded from the considerationby integrating out their degrees of freedom from the path integral representation for the partition function.The resulting monomer interactions are represented by the e�ective free energy functional,H = kBT2l2 Xn (Xn �Xn�1)2 + 1XJ=2Xfng u(J)fng J�1Yi=1 �(Xni+1 �Xn1): (1)The �rst term in Eq. (1) describes the connectivity of the chain with l called the statistical segment length.There are also volume interactions represented by the virial{type expansion in Eq. (1). They re
ect thehard{core repulsion, the weak attraction between monomers and the e�ective interaction mediated by thesolvent{monomer couplings. The virial coe�cients, u(J)fng, may in principle have any dependence on thesite indices fng � fn1; : : : ; nJg. Here we consider the choice of site{dependent second virial coe�cientsin Eq. (1) with monomers di�ering only in the monomer{solvent coupling constants,u(2)nn0 = �u(2) +��n + �n02 ; u(J)fng = u(J) for J > 2: (2)Here �u(2) and � are called the mean second virial coe�cient (quality of the solvent) and the degree ofamphiphilicity respectively. The set f�ng expresses the chemical composition, or the primary sequence ofa heteropolymer.The long timescale evolution of the conformational state is well represented by the Langevin equation[3], �b ddtXn = � @H@Xn + �n(t); (3)where �b is the friction constant per monomer and �n is the Gaussian noise with the second momentum,h��n (t) ��0n0 (t0)i = 2kBT�b ��;�0�n;n0�(t� t0); (4)and the Greek indices denote the spatial components of 3-d vectors.The main idea of the Gaussian self{consistent (GSC) method [4, 5] is to choose the trial Hamiltonian,H0, as a most generic quadratic form, with matrix coe�cients depending on time,H0(t) = 12Xnn0 Vnn0(t)Xn(t)Xn0(t): (5)This corresponds to the Gaussian distribution of the inter{monomer distances with the mean squared,Dmm0(t) � 13 
(Xm(t)�Xm0(t))2� : (6)Obviously, choosing Eq. (5) as the trial Hamiltonian is equivalent to replacing the nonlinear Langevinequation (3) by a linear stochastic ensemble,ddtXn = �Xn0 Vnn0(t)Xn0 + �n(t): (7)The time{dependent coe�cients are chosen at each moment in time according to the criterion,�Xn @H@Xn0�0 = �Xn @H0@Xn0�0 ; (8)490



where h: : :i0 denotes the averaging over the trial ensemble. At equilibrium these equations become exactlythe extrema conditions for the trial free energy in the Gibbs{Bogoliubov variational principle based onminimising the variational free energy, A = �kBT logTr exp(�H0=kBT ) + hH � H0i0, with respect toVnn0 .The GSC equations can be written in terms of instantaneous gradients of the variational free energy,A(t) = E � TS [6],�b2 ddtDmm0(t) = �23Xm00 (Dmm00(t)�Dm0m00(t))� @A@Dmm00(t) � @A@Dm0m00(t)� : (9)The energetic and the entropic contributions in the free energy can be completely expressed in terms ofthe mean squared distances Dmm0(t),E = 3kBT2l2 Xn Dnn�1;n n�1 + 1XJ=2Xfng0 u(J)fng(2�)3(J�1)=2 (det�(J�1))�3=2; (10)S = 32kB log detR(N�1); Rnn0 = 1N2 Xmm0 Dnm;n0m0 ; (11)Dmm0;nn0 � 12(Dm0n +Dmn0 �Dmn �Dm0n0); �(J�1)ij � Dn1ni+1;n1nj+1 : (12)In Eq. (11) we have the determinant of the truncated matrix R(N�1) to exclude the zero eigenvaluerelated to the translational invariance for the centre{of{mass of the system. In the second term in Eq.(10) the summation is taken over not coinciding indices, n1 6= n2 6= : : : 6= nJ .Let us also introduce the mean squared radius of gyration, R2g, and the micro{phase separation (MPS)order parameter, 	,R2g = 12N2 Xmm0 Dmm0 ; 	 = 1N2R2g Xmm0 �m + �m02�� Dmm0 ; (��)2 = 1N Xm �2m: (13)The MPS parameter describes the degree of correlation between matrices of the relative two{bodyinteraction, (�m + �m0)=2, and the mean squared distances, Dmm0 .This method has been successfully applied by us [4, 6, 7] and others [5] for study of a numberof interesting problems, of which we shall only consider two here. Its weakest point is obviously theassumption of the Gaussian distribution for the trial dynamics. However, direct simulations show thatfor polymers the distribution is close to Gaussian at large separation of monomers. As long distancesare dominant in determining the conformational structure of a polymer, the Gaussian self{consistentapproach is well justi�ed. However, to achieve a better description for the coil one has to take intoaccount next non{Gaussian corrections which may be important in certain situations.3 Conformational states of amphiphilic copolymersA typical phase diagram in terms of the mean second virial coe�cient, �u(2), and the amphiphilicity, �,in Eq. (2) is presented in Fig. 1a. In the region �u(2) > 0 and for small values of amphiphilicity typicalconformations of copolymers are akin to the extended coil (see Fig. 2a). By decreasing �u(2) to the negativeregion the chain undergoes the continuous collapse transition, which is characterised by a rapid fall of theradius of gyration, R2g , and the change of the fractal dimension. The collapse transition for larger valuesof amphiphilicity turns out to be more complicated, and essentially dependent on the sequence. Theglobular state for large values of � is di�erent from the liquid{like globule and consists of a hydrophobiccore surrounded by a shell of hydrophilic monomers (see Fig. 2c). It is characterized by a somewhatlarger value of the radius of gyration and an extremely large value of the MPS order parameter. That iswhy we call this state the MPS globule. The phase diagram in the intermediate region of �u(2) is muchmore complicated. Starting from some value of � there appear additional solutions corresponding tolocal minima of the free energy (the region between curves I' and II" in Fig. 1a). With increasing � the491
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Figure 1: The phase diagram (Fig. (a)) of the sequence '(babca2cbac2acb3cac3a2b2cac2b)2' in terms ofthe mean second virial coe�cient, �u(2), and the amphiphilicity, �. Time evolution (Fig. (b)) of the freeenergy, A, for di�erent sequences after an instantaneous quench from the coil state, �u(2) = 15 and � = 0,to the region with �u(2) = �25 and � = 30. Monomers 'a', 'b' and 'c' correspond to the values of �n = �1(hydrophobic), 1 (hydrophilic) and 0 (\neutral") respectively. We �x the units of temperature, size andtime by choosing kBT = 1, l = 1 and �b = 1. We also �x higher virial coe�cients: u(3) = 10 andu(J)fng = 0 for J > 3. In Fig. (a) curves (Collapse) and (MPS) correspond respectively to the collapseand the MPS continuous transitions. Curves (I) and (II) correspond to discontinuous transitions to thefrustrated phases. \Spinodal" curves (I') and (II") bound the regions of metastability of the frustratedstates.number of such solutions grows quickly. Signi�cantly, in the region of the phase diagram, between curvesI and II in Fig. 1a, some of these possess the lowest free energy value, thus being the thermodynamicallystable state. Since the number of such solutions is rather high even for short sequences and their numbergrows quickly with the chain length, we do not attempt to draw all their boundaries of (meta)stability.We shall call them collectively as frustrated phases. In Fig. 2b we exhibit a typical polymer conformationcorresponding to these phases.In the series of pictures in Fig. 3 we present the pattern of the matrix of mean squared distances,Dmm0 , for the 'ab' copolymer at some values of the mean second virial coe�cient, �u(2). For positive �u(2)(see Fig. 3a) the mean squared distances possess the structure typical for the extended coil, increasingmonotonically on moving away from its diagonals towards the distance of half{ring along the chain.Decreasing the mean second virial coe�cient, �u(2), causes the copolymer to pass through frustratedstates (Fig. 3b), �nally reaching the MPS globule state (see Fig. 3c). The characteristic feature of theDmm0 matrix in a frustrated state is that it possesses some number of monomer groups having smallerdistances between each other than between monomers from other groups. Clearly, such a group representsa cluster of monomers, so that here the copolymer chain forms a set of micro{phase separated clusters.In the regime of nearly compensating repulsion and attraction between monomers it is more preferableto achieve phase separation on a smaller, than the globular, scale by forming clusters.The kinetics of folding from the coil to the MPS globule for copolymers takes much longer than forthe homopolymer since it is strongly a�ected by the presence of the transient frustrated states (akin toFig. 2b) along the kinetic pathway [6]. This leads to a complicated kinetic process (see Fig. 1b) consistingof multiple steps with pronounced slowing down and then acceleration in the folding rate. The foldingkinetics also strongly depends on the primary copolymer sequence. Typically, the kinetics for copolymersconsisting of long blocks proceeds in a smaller number of steps, but not necessarily faster, than kineticsfor short block copolymers. Small modi�cations of the sequence may change crucially the overall kineticbehaviour and even the �nal kinetic state itself.
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(a) (b) (c)Figure 2: Typical copolymer conformations from lattice Monte Carlo simulations [8] for the coil, thefrustrated and the MPS globule.4 Conformational states of a sti� homopolymerIn this section we shall be interested in how the homopolymer conformations are modi�ed due to the e�ectof sti�ness. There is a signi�cant amount of theoretical [9] and experimental [10] literature dealing withvarious questions about equilibrium properties of rigid chains, the most important practical example ofwhich is DNA. Experimentally, it is well known that DNA can acquire a torus{like shape in its globularstate, and that condensation of DNA induced by various agents could lead to even more complicatedphases [10]. The physical reason for a torus is clear | a persistent chain has no desire to bend, so ittends to have as large a radius of curvature as possible, consistent with quite close packing of the chain.In the framework of the bead{and{spring model to account for the sti�ness it is su�cient to introducethe bending energy, Pn(d2xn=dn2)2, as �rst proposed in Ref. [11]. This leads to the following bendingcontribution to the mean energy in Eq. (10),Ebend = 3kBT�2l3 Xn (2Dn+1n;n+1n + 2Dn�1n;n�1n �Dn�1n+1;n�1n+1); (14)where � is called the persistent length of the polymer chain.Analysis of the GSC equations for a sti� homopolymer shows [7] that the toroidal conformation existsin some intermediate region in the second virial coe�cient at comparatively large values of the persistentlength. Thus, decreasing u(2) quasistatically brings the rigid chain �rst into the toroidal globule whichthen collapses �lling the interior of the torus. Our analysis also shows that this phase diagram and thetoroidal conformation itself are rather sensitive to the chain length. The toroidal conformation can beclearly identi�ed from the typical oscilating behaviour of the mean squared distances, D0m, with thenumber of peaks corresponding to the number of windings [7].Study of such systems by Monte Carlo method [8] shows that a variety of metastable states is alsopresent here. In fact, amongst toroidal states (Fig. 4a) with di�erent number of windings there also existmetastable states of hairpins (Fig. 4b). In a hairpin the chain forms a nealy linear conformation turningaround several times thereby minimising contacts with solvent. Such states can be easily obtained by anabrupt quench from the extended coil.
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(a) (b) (c)Figure 3: Patterms of the mean squared distances matrix, Dmm0 for '(ab)30' copolymer and amphiphilicity� = 20. Diagrams (a-c) correspond respectively to the values of the mean second virial coe�cientu(2) = 15, �21 and �40. Indices m, m0 are counted from the upper left corner. Each matrix element,Dmm0 is denoted by a quadratic cell with varying degree of the black colour, the darkest and the lightestcells corresponding respectively to the smallest and to the largest mean squared distances.

(a) (b)Figure 4: Typical conformations of a rigid chain from Monte Carlo simulations for the toroidal globuleand the hairpin state.5 ConclusionAs we have seen even simple models of biopolymers that take into account the connectivity and sti�nessof the chain as well as the monomer speci�c volume interactions (attractions and repulsions) lead toextremely complicated phase diagrams and even more complex non{equilibrium structures and processes.This is due to a subtle interplay of competing interactions with di�erent ranges acting in two di�erentmetrics (of the 1-d chain and the 3-d embedding space).We would like to note that although an individual DNA can form a toroidal globule which is describedby our simple model, DNA in a cell normally exists inside complexes involving many special proteins andother ligands. The corformational structure of such complexes is not completely understood at themoment and obviously requires much more detailed models.The amphiphilic copolymer model that we have considered here only describes the hydrophobicinteractions in proteins. There are other factors that are important for stabilising the native structuresuch as electrostatics, hydrogen bonding, secondary structure and others. These, in principle, may beadded by including additional terms into the model.However, a more important conceptual point is that protein sequences are very special as they wereselected during billions of years of biological evolution. The statistical properties of protein sequencesshould re
ect their optimal character in the stability of the native state and e�ciency of folding. A494
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